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1. Introduction

A lot of researchers and mathematicians have done work extensively on various inequalities for
normal operators in Hilbert space, for instance on numerical ranges, numerical radius,
convexoid, normaloid, spectraloid, self adjoint and other classes of non-normal operators in
operator theory. However, Dragomir and Moslehian (Dragomir & Moslehian, 2008) recently
worked on various inequalities between norm and numerical radius of (e, £) - normal operators.

Senthilkumar (Senthilkumar D., 2014) studied generalization of p- (a, ) - normal operators but

60




International Journal of Academic Studies
1JAS-008-2015-Wesley

not for normal transaloid operators. In this paper we characterize (<, /3)-normal transaloid

operators. We consider the properties of this class of operators and give results on their
characteristics. The properties which have been considered include: linearity, continuity,
positivity, boundedness, reflexivity and self-adjointedness. Subsequently, we reviewed some
basic concepts and definitions which are useful to our work as outlined in the section below.

2. Preliminaries

Definition 2.1 Let X be a linear space. A non-negative real valued function ||HX —-Ris
called a norm on X if it satisfies the following properties for all x,ye X :

i.  |x|=0 and |x|=0 ifand only if x=0 (positivity).

ii. “/lx" = |A|||x” forall AeC (Homogeneity)

iii. “x-{» y“ ="x”+“ y” (Triangle inequality)

Definition 2.2 An operator is a structure preserving maps. For example; let 7 be a vector space,
a non-negative real valued function 7:7 —V then T is considered to be an operator.

Definition 2.3 Let Xbe a vector space over K. A non-negative real valued function
(.,.) : XxX =K is called an inner product space if for x,ye X and o € K satisfies the following
properties;

i (x,x)>0, forall xe Xand (x,x)=0 ifand only if x=0.

il. <x+y, z) = (x,z>+<y,z>.

iii. (x, y> = @ (conjugate symmetry)

The pair (X, (.,.}) is called an inner product space.

Definition 2.4 Let 7: H — H be a linear operator. Then T is said to be normal if 77" =T"T

Definition 2.5 Let 7 e B(H,S) where H and S are Hilbert spaces, then the linear operator

T" e (S,H) satisfies <Tx, y> = <x,T ' y> ,forall xe H and ye S is called an adjoint operator of
T.

Definition 2.6 Let 7 : H — H be a linear operator, then an operator 7" bounded if there

exist a constant M >0 such that: HTxH <M Hx

,forall xeH.
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Definition 2.7 An operator T acting on a Hilbert space is called (a, ﬂ)-normal O<a=<i<p)if
T T<TT < B*T'T

Definition 2.8 Let 7: H — H be a linear operator, then 7T is normaloid if “T ||=w(T ) and
transaloid if 7=T7T-AI forall 1 eC.

3. Main Results

Lemma 3.1. Let 4be in N, (H)then A is self adjoint.

Proof: Let H be a complex Hilbert space, and let 4 N, (H). We need to show that 4=4".
Indeed, for any z e H. We can have <Az—,z> = (z,Az) = <A*z, z> = <Az,z> . Therefore, (Az,z> is
real. Also assume that <Az,z> is real for allz, then choose any z,ge H. We can have
(A(z+g),z+g)=(4z,2)+(A4z,8) +(Ag,z)+(4g, g)this implies that (A(z+g),z+g),(4z,z),(4g,g) are

real, we can conclude that (Az, g>+<Ag,z> is real and it equals its own complex conjugate, for

instance

<Az, g) + <Ag, z) = <Az, g> + <Ag,z> = <g, Az> + <z, Ag>

We can see that

i<Az,g>+i<Ag,z> = i<Az, g>+i<Ag,z> = i(g,Az)—i(z, Ag> by multiplying i throughout, we can
have
(4z,g)—(A4g.z)=—(g, Az)+(z, Ag)

ettt ettt h ettt ettt e te b et et et e ennese s 2)
By combining (1) and (2) we can obtain 2(Az, g> = 2<z, Ag> = 2<A'z, g> . Therefore, this is true
for zand g, we can conclude that 4= 4". Hence 4 is a self adjoint.

Theorem 3.2 Let 4 bein N,(H) then A4 is reflexive, bounded, linear and continuous.

Proof: Linearity;, Let Ae N, (H). Let x,,x, € DomA and «,f € K then there exist V of DomA
such that x,,x, € V'then (a,x, + S,x,,c, Af, + B, Af,) € V. But by definition of Ait is clear that
Ao, x, + B,x,) = o, Ax, + [, Ax,. Hence A is linear.

Boundedness, Suppose that H, and H, are Hilbert spaces over K. Then a linear operator

A:H, — H, is bounded if there exist a real number A >0 such that “Ax“ <M Hx” VxeH,.
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Consider now a linear operator A: H, — H,, where H, is a Hilbert space over K such that we
can have

“A(x)“ =|A(e, +...+c,v,)| < Z;

have 377 [e 0] = le ) &, AG)? ] and
so the linear operator A:H, — H, is bounded with HAx” <M ||x“ Vx e H,. Similarly, a linear

¢ AW,

ol
T L=

A, )”2 )% It follows that | A(x)| < (Z:=1

el 4, )H Using the Cauchy Schwarz inequality, we

<

operator 4:H, — H,is continuous if and only if it is bounded.

Continuity:  Suppose A4 is bounded. Then there exist AM>0 such that
“A(x)—A(y)“zHA(x— y)||sM||x— y” Vx,ye H, and consequently A is continuous. Now
suppose A is continuous. Obviously 4(0)=0. Then for &=1 there exist >0 such that

2M 40 5 1 85 we
s 2 2|

|4x|<e=1 V|x|<5. For ve H,,v#0 then A(v)= >

v). Since

get ”A(v)“ s@ and consequently 4 is bounded.

Reflexivity; We need to consider ¥ and V" to be finite dimensional subspaces of N, (H), then
V is algebraically reflexive if the dim(V"| z) is finite. By (Dragomir & Moslehian., 2008,

Theorem 4.7) it is sufficient enough to show that dim(VNI z) is algebraically bounded reflexive
since bounded reflexive implies algebraic bounded reflexivity, hence dim(V~| z)is bounded
reflexive. Therefore, let W eref,(V"|,) and Let W ~be the extension of W to [R], where [R]
is the norm closure of R. By Werefb(V~| z), there exists R, such that for any aeR,

W, e [V~\ - a]a Then dim(VNI z) is finite. Since R contains separating vector of V™, if V is a
finite dimensional subspace of N,(H) with a separating vector then V' is boundedly reflexive.

Moreover, we can have W € V"l[ ) - Hence We VNI r and V~| r 1s bounded reflexive.
Lemma 3.3 Let 4e N,(H) then A4 is positive.

Proof; Let Ae N,(H). By definition A4is said to be positive if (Ax,x)ZO for any xe H.

Similarly, every positive operator on a complex Hilbert space is self adjoint from [Lemma 3.1]
thatis 4=4" and A—A >0 and (Ax,x>S<A‘x,x> and for x is positive. If 4 is positive

then (Ax, x) is real. Indeed for x,yeH then we can have
<A(x,y),x +y> < [<Ax, x>% + <Ay,y>l2]2 such that (A(x,y),x + y> = <A)c,x) + 2Re<Ax,y> + <Ay,y>
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and by the Cauchy-Bunyakovsky-Schwarz inequality 2Re<Ax, y) < [<Ax,x><Ay, y)F Therefore,
(y,4x)=(4'y,x) such that 44" >0,then (x,4y)=(4x,x)=|4x|20. Hence 4eN,(H) is a

positive operator.

Theorem 3.4 Let A,B bein N, (H) and A€C then A+B,A—-B and A4 arein N,(H).

Proof; Let A+ B and A4 be bounded linear operators for all scalars A4 and “A+BH £||A”+||B
1A4] =|4)|4 A|=0 if and only if 4=0 .Thus the vector space S(N,(H)) of

bounded linear operators from 4 to B on a complex Hilbert space. Therefore,
|4+ B)x| <|4x]|+|Bx| < (|4 +|B])|x| for all xeH, hence A+B is bounded, and

|4+ B|<|4]|+|B| Thus 4+B isin N,(H). From the fact that |(14)|=|4||4| we can have
H(AA)xH = \lmAx” for all x € H and therefore A4 is bounded [see the [Theorem 3.2].

b

, Moreover,

Proof; A- B, Since A,Be N,(H) then we have
|4|- |8 =4~ B)+ B|~[B|< (|4~ B+ |B) [ =[4- B}, and |B]-|4|<]4-B
have JJ4|-|f|<4- 5]

, therefore, we

Theorem 3.5 Let 4 bein N,(H) then A is contractive if it is the identity.

Proof: Let H be a complex Hilbert space. Recall that a bounded linear operator 4 e N, (H) is
contractive if HAH <1 for instance HAxH < ||x“ for any x € H . Therefore, let 4e€ N,(H) and I to

be identity operator and A" € N,(H) be the adjoint of A€ N,(H) in a bounded linear
operators in a Hilbert spaces. Similarly, recall that ”A)c”2 =<Ax,Ax>=<A'Ax,x> and
“xn2 = <x, x). Then ”Ax“SHxH if and only if <A‘Ax,x> £<x, x) is similarly to "Ax”SHI” Hence

A is contractive if it is the identity.
4. Conclusion

In conclusion we have investigated certain properties of the class of (a, ,B)-normal transaloid

operators. We have shown that («, ﬁ)-normal transaloid operators are bounded, continuous and
self adjoint.
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