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Abstract

HIV can be transmitted from a HIV infected mother to her child during pregnancy,
delivery, or breastfeeding. According to NSDCC 2023, Kenya has estimated PMTCT
coverage of 89.56% and PMTCT transmission rate of 8.6%. Even though there has been
strides to address PMTCT, there is need to gear up approaches in addressing MTCT in
order to significantly advance elimination. This research formulates a mathematical
model to represent the dynamics of MTCT. Equilibrium points of the model are
computed and the stability of HIV-free point is investigated. The numerical results
show that a 50% decrease in maternal HIV transmission lowers infant infection rates by
about 17.7%, whereas the same reduction in infant transmission decreases infections by
nearly 39%, highlighting the greater sensitivity of infant transmission rates to direct
interventions. While combination of strategies achieves the highest HIV minimization
rates of up to 99.89% on infants, ART adherence alone significantly reduces
transmission, particularly on infants (91.42%) while use of post-exposure prophylaxis
(PEP) shows limited effectiveness when used alone(39.65%), suggesting that it should be
complemented with other strategies for optimal impact. These findings emphasize the
critical need for integrated interventions, where combining multiple prevention methods
yields the best outcomes in reducing HIV infections on infants and moving closer to the
elimination of pediatric HIV. These findings align with global recommendations from
World Health Organization (WHO). This research can be used by the ministry of health
to inform policy as well as recreated for other maternal infections.

Author summary

HIV can be transmitted from a mother to her child during pregnancy, delivery, or
breastfeeding. In Kenya, despite efforts to prevent mother-to-child transmission
(PMTCT), HIV transmission rates remain a concern. In this study, we developed a
mathematical model to understand how HIV spreads from mothers to infants and to
evaluate the effectiveness of different prevention strategies. Our findings highlight that
reducing HIV transmission in mothers lowers infant infection rates, but direct
interventions for infants, such as early antiretroviral therapy (ART) and post-exposure
prophylaxis (PEP), have an even greater impact. A combination of strategies—ensuring
mothers adhere to ART, providing PEP for infants, and promoting safe breastfeeding
practices—was found to reduce HIV infections in infants by up to 99.89%. These results
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support the need for integrated approaches to HIV prevention. Policymakers and
healthcare providers can use this research to refine HIV prevention programs, ensuring
better maternal and infant health outcomes. Our model can also be adapted for other
maternal infections, contributing to broader public health efforts in disease prevention.

Introduction 1

HIV transmission from mother to their infants is a significant public health concern 2

with profound biological, health, and social implications. HIV can be transmitted from 3

an HIV-positive mother to her offspring through various biological mechanisms. During 4

pregnancy, the virus can cross the placenta and infect the fetus, particularly in the later 5

stages of gestation. During childbirth, the newborn can be exposed to HIV through 6

contact with maternal blood and vaginal fluids. Additionally, HIV can be transmitted 7

through breastfeeding, though the risk varies depending on factors like the viral load 8

and breastfeeding practices of the mother (1). 9

Every year, roughly 1.3 million HIV-positive girls and women become pregnant, and 10

if treatment is not received, the transmission rate to the unborn child ranges from 15% 11

to 45%. (2). To address this, it is crucial to ensure immediate linkage to lifelong 12

antiretroviral therapy (ART), ongoing care, and partner services upon HIV diagnosis. 13

Although 85% of these women worldwide got access to ART by 2019, there are still 14

issues with sustaining treatment and preventing transmission. The shift towards 15

simplified, lifelong ART for pregnant women has made the eradication of HIV vertical 16

transmission feasible. Global efforts, including the Triple Elimination Initiative, are 17

focused on integrating these interventions into broader health services, enhancing 18

disease monitoring, and promoting comprehensive sexual and reproductive health 19

services. By 2030, WHO hopes to have eradicated the AIDS epidemic as a danger to 20

public health (2). 21

PMTCT coverage in Kenya was 98% in Homa Bay County and 94% nationwide as of 22

2020 (3). Between 2015 and 2020, the national MTCT rate rose from 8.3% to 10.8%, 23

which is a concerning trend. The risk of transmission is still very high during pregnancy 24

and lactation. The National AIDS and STI Control Programme reports that 5% of 25

pregnant women and 17% of nursing moms contract HIV during pregnancy and 26

lactation, respectively, increasing the risk of HIV transmission to the fetus. Additionally, 27

antiretroviral medication (ART) discontinuation rates among pregnant and lactating 28

mothers with HIV are 47% and 21%, respectively, highlighting the increased risk of 29

transmission and poor health outcomes during these periods. To achieve meaningful 30

progress toward elimination, MTCT-addressing strategies must be given national 31

priority and implemented. 32

The health effects HIV MTCT are serious and can manifest early in life. Infants 33

infected with HIV may develop symptoms within the first few months, including failure 34

to thrive, recurrent infections, and neurological issues. Without intervention, 35

HIV-infected children can progress to AIDS, leading to severe opportunistic infections 36

and early mortality. HIV infection also has long-term consequences, impairing the 37

growth of a child, development, and overall health, impacting their cognitive and 38

physical abilities (4) 39

Effective interventions exist to reduce the risk of HIV MTCT and improve outcomes 40

for both mothers and infants (5). Antiretroviral therapy (ART) plays a vital part in 41

prevention. Maternal ART, initiated during pregnancy and continued during 42

breastfeeding if necessary, reduces the maternal viral load, significantly lowering the risk 43

of transmission to the child. Administering ART to the newborn immediately after 44

birth further reduces transmission risk and supports the health of child. 45

In cases where maternal viral load is not well controlled or other risk factors are 46
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present, a scheduled cesarean section may be recommended to reduce transmission 47

during childbirth. Avoiding breastfeeding in settings where safe alternatives are 48

available helps eliminate HIV transmission risk through breast milk (6). Infant 49

prophylaxis with antiretroviral drugs is also recommended to reduce infection risk if 50

breastfeeding is unavoidable or for other reasons (5). 51

Prevention strategies include routine HIV testing and counseling for pregnant 52

women to identify infections early (7). Providing effective contraception to HIV-positive 53

women who do not wish to conceive prevents unintended pregnancies and potential 54

transmission. Complete care and assistance for mothers with HIV and their babies, 55

including nutritional support and psychosocial counseling, are essential for optimizing 56

health outcomes. 57

Some significant barriers hindering the adoption of elimination of MTCT services for 58

women who have tested positive are issues with disclosure of HIV status (77.69%), 59

dependency on partners (80.6%) and lack of assistance from family and partners (75%), 60

long waiting times (33.3%), and lack of linkage to support groups (47.2%) (1). Effective 61

implementation of tailored strategies can significantly enhance access, uptake, and 62

retention in PMTCT programs, emphasizing the importance of local adaptation and 63

addressing existing service gaps (8). There is need to an integration of healthcare 64

services including ease for families by reducing HIV stigma and simplifying services (9). 65

From the previous research, various research gaps were identified. There is need to 66

develop a mathematical model for mother-to-child HIV transmission and use the model 67

to compose effective intervention combination strategies for MTCT using optimal 68

control. 69

Materials and methods 70

This section outlines the approach and methods used to achieve the objectives of the 71

study. It begins by establishing the structure of the model, defining the key 72

assumptions that guide its formulation, and representing the system through equations 73

that describe its dynamics. The model is also analyzed for properties and stability. An 74

optimal control framework is also presented. This section provides the necessary 75

theoretical and computational foundation for evaluating the model’s outcomes. 76

Model description 77

To describe the dynamics of MTCT in Kenya, a seven-state disease compartmental 78

model is used to illustrate how mothers and infants move from one state to another. 79

Every pregnant woman above 15 years who goes for ANC and has tested positive for 80

HIV is under treatment. Children born by the infected mother are put on treatment in 81

the 0-6 hours window after birth. Women with high viral load (> 1000 units) deliver 82

through CS. The number of preterm babies is negligible. Delivery of twins, triplets or 83

more babies is negligible. For the first several months following birth, infants are 84

exclusively fed breast milk. 85

A population A of mothers come from ANC. A proportion πN of them test negative 86

for HIV to join HIV negative mothers class MN . Another proportion πP of A tests 87

positive for HIV respectively to form HIV positive mothers class MP . The rest are 88

recruited to HIV suppressed mothers class,MS . MN can acquire HIV at a rate β0 and 89

join MP . The MP class can adhere to Art at a rate αam and have their HIV viral load 90

suppressed to join MS . MS can drop out of ART at a rate αdm. 91

A proportion πN + kπP + (1− πp − πN ) of A or rather (1 + (k − 1)πP )A of the 92

infants are recruited to HIV negative infants class, IN , where k is the proportion of 93

negative infants born from MP . Due to breastfeeding, HIV is transmitted by MP to IN 94
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at a rate β1 causing them to join the HIV exposed infants population, IE . This class is 95

also added to it by a proportion 1− k of infants from MP . Post exposure prophylaxis is 96

given to IE infants and they regain their HIV negative status to go back to IN at a rate 97

ρ. At a rate δ, IE population acquires HIV to join IP class. ART adherence by IP at a 98

rate αai can lead them to join the HIV suppressed infants population, IS . ART dropout 99

by IS at a rate αdi leads to joining the IP infants population. Mothers and children die 100

at a natural death rate µM and µI respectively. Unfortunately, infants die due to HIV 101

exposure are rate dI1 and high viral load of HIV at a rate dI2. Mothers also die due to 102

HIV infection are rate dM . 103

MTCT strath.png 104

Table 1. Parameters of the model; year(y).

Parameters Epidemiological interpretation Units
A Population of mothers who attended ANC y−1

πP Proportion of A that are HIV positive y−1

πN Proportion of A that are HIV negative y−1

µM & µI Natural mortality rate for mothers and infants resp. y−1

δ HIV acquisition rate of exposed infants y−1

ρ Prevention rate of HIV acquisition by exposed infants y−1

dM HIV-induced mortality rate for positive mothers y−1

dI1 HIV-induced mortality rate for exposed infants y−1

dI2 HIV-induced mortality rate due to HIV positive infants y−1

β0 Rate of HIV transmission for negative mothers y−1

β1 Rate of HIV transmission for negative infants y−1

k Proportion of negative infants from HIV positive mothers y−1

αdi & αdm Rate of ART dropout by infants and mothers resp. y−1

αai & αam Rate of ART adherence by infants and mothers resp. y−1

Model equations 105

Given the flow diagram in ??, the parameter description in table 1, the non-linear 106

ordinary differential equation system that follows is provided by, 107

dMN

dt
= πNA− (β0 + µM )MN ,

dMP

dt
= πPA+ β0MN + αdmMS − (αam + dM + µM )MP ,

dMS

dt
= (1− πN − πP )A+ αamMP − (αdm + µM )MS ,

dIN
dt

= (1 + (k − 1)πP )A+ ρIE −
(
β1MP

NI
+ µI

)
IN ,

dIE
dt

=
β1MP IN
NI

+ (1− k)πPA− (ρ+ δ + dI1 + µI)IE ,

dIP
dt

= δIE + αdiIS − (αai + dI2 + µI)IP ,

dIS
dt

= αaiIP − (αdi + µI)IS .

(1)

NI = IN + IE + IP + IS represents the total population of infants. 108
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Properties of the model 109

Well-posedness of the model will be demonstrated. To prove the model’s well-posedness, 110

the following have to be shown: 111

1. For the given initial conditions of the model (1), the solutions of our model system 112

remains positive for all t > 0. 113

2. The solutions of a model’s system with the given initial conditions are bounded in 114

a positive region, 115

Ω =
{
ΩM +ΩI ∈ R7

+ :

ΩM = {(MP ,MN ,MS) ∈ R3
+ : 0 < MP +MN +MS <

A

µM
},

ΩI = {(IN , IE , IP , IS) ∈ R4
+ : 0 < IN + IE + IP + IS <

A

µI
}
} (2)

, for any time t ≥ 0. 116

Positivity 117

For realistic modeling of human population, all the state variables must be positive and 118

the solutions to the model system with positive initial conditions should remain positive. 119

This theorem is arrived at: 120

Theorem 1. For the given initial conditions of the model (1), the solutions of our 121

model system remains positive for all t > 0. 122

Proof. HIV negative mothers 123

Taking the equation for HIV Negative Women and considering the dynamics of WN 124

only, 125

dMN

dt
= πNA− (β0 + µM )MN ≥ −ϕmnMN =⇒ dMN

dt
≥ −ϕmnMN ,

dMN

MN
≥ −ϕmndt =⇒ ln |MN | ≥ −ϕmnt+ c1,

(3)

for constant c1 and ϕmn = (β0 + µM ) . Taking the exponential for both sides of 3, 126

eln |MN | ≥ e−ϕmnt+c1 = Ke−ϕmnt,

MN (t) ≥ Ke−ϕmnt,
(4)

where K = ec1 is a constant. Substituting the initial condition MN (0) =MN0 in 4, then 127

MN (0) ≥ Ke−ϕmn(0) =MN0,

=⇒ MN (t) ≥MN0e
−ϕmnt.

(5)

Hence K =MN0. The exponential part of 5 is always positive and MN0 ≥ 0, hence 128

MN (t) is always positive, meaning; 129

MN (t) ≥ 0. (6)

In a similar way, the procedure can be applied to all the remaining eight equations in 130

model system (1), so that we have the following solutions, 131

MP (t) ≥MP0e
−ϕmpt,MS(t) ≥MS0e

−ϕmst, IN (t) ≥ IN0e
−ϕint,

IE(t) ≥ IE0e
−ϕiet, IP (t) ≥ IP0e

−ϕipt, IS(t) ≥ IS0e
−ϕist,

(7)
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where ϕmp = (αam + dM + µM ), ϕms = (αdm + µM ), ϕin =
(
β1MP

NI
+ µI

)
, ϕie = 132

(ρ+ δ + dI1 + µI), ϕip = (αai + dI2 + µI) and ϕis = (αdi + µI). Hence, all classes are 133

positive given the initial conditions MP0,MS0, IN0, IE0, IP0, IS0. 134

135

Boundedness 136

Boundedness ensures population sizes within each compartment cannot grow 137

indefinitely or exceed reasonable and feasible range. This arrives at, 138

Theorem 2. The solutions of a model’s system with the given initial conditions are 139

bounded in a positive region, 140

Ω =
{
ΩM +ΩI ∈ R7

+ :

ΩM = {(MP ,MN ,MS) ∈ R3
+ : 0 < MP +MN +MS <

A

µM
},

ΩI = {(IN , IE , IP , IS) ∈ R4
+ : 0 < IN + IE + IP + IS <

A

µI
}
} (8)

, for any time t ≥ 0. 141

Proof. Let NI(t) = IN (t) + IE(t) + IP (t) + IS(t) and 142

NM (t) =WN (t) +WP (t) +MP (t) +MN (t) +MS(t) be the total size of the population 143

of infants and mothers. To show that the solutions of model system are bounded we 144

proceed as follows: 145

dNI
dt

=
dIN
dt

+
dIE
dt

+
dIP
dt

+
dIS
dt

,

dNI
dt

= (1 + (k − 1)πP )A+ ρIE −
(
β1MP

NI
+ µI

)
IN +

β1MP IN
NI

+ (1− k)πPA− (ρ+ δ + dI1 + µI)IE + δIE − (αai + dI2 + µI)IP

+ αaiIP − (αdi + µI)IS ,

dNI
dt

= A− (IN + IE + IP + IS)µI − dI1IE − dI2IP .

(9)

Since NI = IN + IE + IP + IS and assuming there is no HIV induced mortality rate, (9) 146

becomes, 147

dNI
dt

≤ A− µINI , (10)

dNI
dt

+ µINI ≤ A. (11)

Using integrating factor eµI to solve (11), 148

NI(t) ≤
A

µI
+ c1e

−µIt, (12)

where c1 is a constant of integration. Applying the initial condition NM (0) = NI0 in 149

(12), we obtain, 150

c1 =

(
NIO − A

µI

)
. (13)
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We then substitute the value c1 to Nh(t) in (12) and simplify to get, 151

NI(t) ≤
A

µI
+ e−µIt

(
NIO − A

µI

)
. (14)

If NIO > A
µI

, the right-hand side (RHS) of (14) experiences the largest possible value of 152

NIO. That is, NI(t) ≤ NI0 for all t > 0. If NIO < A
µI

, so that the largest possible value 153

of the RHS of (14) approaches A
µI

as time t goes to infinity. That is, NI(t) ≤ A
µI

for all 154

t > 0. Hence NI(t) ≤ max{NIO, AµI
} ∀ t > 0, denoted as ΩI . 155

The same is done for the mothers classes to get, 156

NM (t) ≤ A

µM
+ e−µM t

(
NMO − A

µM

)
. (15)

where NM (t) =MP (t) +MN (t) +MS(t). If NMO > A
µM

, the right-hand side (RHS) of 157

(15) experiences the largest possible value of NMO. That is, NM (t) ≤ NM0 for all t > 0. 158

If NMO < A
µM

, so that the largest possible value of the RHS of (15) approaches A
µM

159

as time t goes to infinity. That is, NM (t) ≤ A
µM

for all t > 0. 160

Hence NM (t) ≤ max{NMO,
A
µM

} ∀ t > 0, denoted as ΩM . 161

Stability analysis 162

HIV-Free equilibrium 163

The HIV-Free Equilibrium is obtained by setting the system of differential equations (1) 164

to zero and setting all infected classes to zero. The EH0, 165

EH0 =

(
A

µM
, 0, 0, 0, 0,

A

µI
, 0, 0, 0

)
. (16)

Endemic Equilibrium, ÊH 166

The EE equilibrium is obtained by setting the system of differential equations to zero 167

and solving for each variable. The EH , 168

ÊH = (ŴN , ŴP , M̂N , M̂P , M̂S , ÎN , ÎP , V̂H , V̂S), (17)

where, 169

M̂N =
πNA

(β0 + µM )
, M̂P =

πPA+ β0M̂N + αdmM̂S

(αam + dM + µM )
, , ÎS =

αaiÎP
(αdi + µI)

M̂S =
(1− πN − πP )A+ αamM̂P

(αdm + µM )
, ÎN =

(1 + (k − 1)πP )A+ ρÎE(
β1MP

NI
+ µI

) ,

ÎE =

β1M̂P ÎN
N̂I

+ (1− k)πPA

(ρ+ δ + dI1 + µI)
, ÎP =

δÎE
(ρ+ δ + dI1 + µI)

.

(18)

Local stability of HIV-Free equilibrium 170

The local stability analysis of the HIV-free equilibrium point (EH0) of the model is 171

determined by finding the Jacobian matrix and its eigenvalues (10). An equilibrium 172

point is locally asymptotically stable if all the eigenvalues of the Jacobian matrix at 173

that point are negative. The general Jacobian matrix of model, JE0
is given as: 174
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

−(β0 + µM ) 0 0 0 0 0 0
β0 −v1 αdm 0 0 0 0
0 αam −(αdm + µM ) 0 0 0 0
0 −β1 0 −µI ρ 0 0
0 β1 0 0 −v2 0 0
0 0 0 0 δ −v3 αdi

0 0 0 0 0 αai −(αdi + µI)


, 175

where v1 = αam + dM + µM , v2 = dI1 + δ + µI + ρ, and v3 = αai + dI2 + µI . 176

The eigenvalues of JE0
as solved by Mathematica software are,

− 1
2

(√
α2
am + 2αamdM + 2αamαdm − 2dMαdm + d2M + α2

dm + v4

)
1
2

(√
α2
am + 2αamdM + 2αamαdm − 2dMαdm + d2M + α2

dm − v4

)
−(β0 + µM )

− 1
2

(√
α2
ai + 2αaidI2 + 2αaiαdi − 2dI2αdi + d2I2 + α2

di + v5

)
1
2

(√
α2
ai + 2αaidI2 + 2αaiαdi − 2dI2αdi + d2I2 + α2

di − v5

)
−(δ + ρ+ dI1 + µI)

−µI


,

where v4 = αam + dM + αdm + 2µM and v5 = αai + dI2 + αdi + 2µI . All the eigenvalues 177

are negative except the second and seventh. Hence, E0 is locally asymptotically stable if, 178

1

2

(√
α2
am + 2αamdM + 2αamαdm − 2dMαdm + d2M + α2

dm − v4

)
< 0, and

1

2

(√
α2
ai + 2αaidI2 + 2αaiαdi − 2dI2αdi + d2I2 + α2

di − v5

)
< 0.

(19)

Simplifying (19) further and introducing arbitrary functions ψ1 and ψ2, 179

ψ1 =
α2
am + 2αamdM + 2αamαdm + (αdm − dM )2

(αam + dM + αdm + 2µM )2
< 1,

ψ2 =
α2
ai + 2αaidI2 + 2αaiαdi + (αdi − dI2)

2

(αai + dI2 + αdi + 2µI)2
< 1.

(20)

Hence, E0 is locally asymptotically stable if condition ψ = {ψ1, ψ2} in 20 is achieved. 180

Global stability of HIV-Free equilibrium 181

The method illustrated in (11; 12) is used to investigate the global asymptotic stability 182

(GAS) of DFE point of the model , E0. Firstly, the model 1 must be written in the 183

pseudotriangular form: 184

Ẋ1 = A1(X1 −X∗
1 ) +A2X2,

Ẋ2 = A3X2,
(21)

where X1 = (MN ,MS , IN , IS), represents the number of uninfected and suppressed
individuals and X2 = (MP , IE , IP ) denotes the number of infected individuals. Let X∗

be the HIV-free equilibrium. From X1,

A1 =


−(β0 + µM ) 0 0 0

0 −(αdm + µM ) 0 0
0 0 −µI 0
0 0 0 −(αdi + µI)

 ,
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A2 =


0 0 0
αam 0 0
−β1 ρ 0
0 0 αai

 .
We can easily see that the eigenvalues of matrix A1 are both real and negative. This 185

shows that the subsystem Ẋ1 = A1(X1 −X∗
1 ) +A2X2, is globally asymptotically stable 186

at the HIV free equilibrium X∗
1 =

(
A
µM

, 0 AµI
, 0
)
. Additionally, from 187

subsystemX2 = A3X2, we obtain the following matrix, 188

A3 =

−(αam + dM + µM ) 0 0
β1 −(δ + dI1 + ρ+ µI) 0
0 δ −(αai + dI2 + µI)

 . (22)

Notice that all the off-diagonal entries of A3 are nonnegative (equal to or greater than 189

zero), showing that A3 is a Metzler matrix. To show the global stability of the HIV-free 190

equilibrium E0, we need to show that the square matrix A3 in (22) is Metzler stable. 191

We therefore need to prove the following; 192

Lemma 3. Let M be a square Metzler matrix that is block decomposed: 193

M =

[
A B
C D

]
(23)

, where A and D are square matrices. The matrix M is Metzler stable if and only if A 194

and D − CA−1B are Metzler stable. 195

Proof. Matrix M in our case is A3. We therefore let, 196

A =

[
−(αam + dM + µM ) 0

β1 −(δ + dI1 + ρ+ µI)

]
, B =

[
0
0

]
,

C =
[
0 δ

]
& D =

[
−(αai + dI2 + µI)

]
.

(24)

Clearly, A is Metzler stable.Then, 197

D − CA−1B =
[
−(αai + dI2 + µI)

]
. (25)

From (25), D − CA−1B is Metzler stable when the main diagonal element is strictly 198

negative. Clearly, D − CA−1B is Metzler stable. 199

Thus the HIV free Equilibrium point E0 is globally asymptotically stable. 200

Epidemiologically, the above result implies that when there is no HIV infection, 201

different human populations under consideration will stabilize at the E0. However, if 202

there exists a HIV infection infection, then an appropriate control in forms of effective 203

HIV treatment would be necessary to control the disease and restore the system to the 204

stable HIV-free equilibrium. 205

Sensitivity analysis formulation 206

The stability conditions derived at 20 can be used to establishing efficient control 207

measures for the system 1. For its easiness to apply, Normalized Forward Sensitive 208

Index method is used to determine the sensitivity indices as used in (13; 14). It’s index 209

with regard to each parameter has been derived as follows to analyze the sensitivity of 210

ψ = {ψ1, ψ2} to any parameter(say µi), 211

Ωψµi
=
∂ψ

∂µi

µi
ψ
. (26)

Where, 212
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• Ωψµi
is positive, increase in µi leads to increase in ψ and, 213

• Ωψµi
is negative, increase in µi leads to decrease in ψ. 214

The main goal of all control measures is to reduce the value of ψ = {ψ1, ψ2} and to 215

analyze the propagation threshold such that effective interventions can be determined. 216

Method of solution 217

Runge Kutta method,O(h4) 218

The Runge-Kutta methods are designed to give greater accuracy and are more efficient 219

in practical problems. They perform several function evaluations at each step and avoid 220

the computation of higher order derivatives Runge-Kutta methods are known for their 221

high accuracy. It is also stable and robust for stiff ODEs. It converges to the true 222

solution, making it reliable for accurate approximations to the solution. These methods 223

can be constructed for any order: second, third, fourth, fifth order, etc. The fourth 224

order Runge-Kutta method is more popular. 225

Let consider the system described in equation 1 in its general form, 226

dY

dt
= f (t,MN ,MP ,MS , IN , IE , IP , IS) with Y (t0) = Y0. (27)

The fourth-order Runge-Kutta method for the system of equations in 27 is, 227

Yj+1 = Yj +
1

6
[k1 + 2k2 + 2k3 + k4], (28)

Algorithm 1 Runge Kutta method,O(h4)

procedure Runge-Kutta Method Fourth Order: (G)iven a step size h, initial
conditions (t0, Y10, Y20, Y30, . . . , Ym0) and a maximum number of iterations, N

for j = 1, 2, . . . , N do
for i = 1, 2, . . . ,m do

ki1 = h · fi(tj , Y1j , Y2j , Y3j , . . . , Ymj)
end for
for i = 1, 2, . . . ,m do

ki2 = h · fi(tj + h
2 , Y1j +

k11
2 , Y2j +

k21
2 , Y3j +

k31
2 , . . . , Ymj +

km1

2 )
end for
for i = 1, 2, . . . ,m do

ki3 = h · fi(tj + h
2 , Y1j +

k12
2 , Y2j +

k22
2 , Y3j +

k32
2 , . . . , Ymj +

km2

2 )
end for
for i = 1, 2, . . . ,m do

ki4 = h · fi(tj + h, Y1j + k13, Y2j + k23, Y3j + k33, . . . , Ymj + km3)
end for
for i = 1, 2, . . . ,m do

Yi,j+1 = Yi,j +
1
6 (ki1 + 2ki2 + 2ki3 + ki4)

end for
tj+1 = tj + h

end for
OUTPUT tj+1 and Yi,j+1 for i = 1, 2, . . . ,m

end procedure

The error of this method is proportional to h4 and, therefore, can be improved by 228

using small value of h. 229
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Optimal control model 230

In order to prevent mother-to-child transmission of HIV, the system (1) is extended into 231

an optimal control problem by incorporating two time-dependent control functions. 232

These control functions are introduced at a specified time t with t ∈ [0, T ], as follows, 233

where T is the final time. 234

1. u1(t) : ART adherence. For ART to suppress viral replication and remain 235

effective over time, high levels of patient adherence are needed . It decreases 236

vertical HIV transmission rates and significantly reducing maternal and infant 237

morbidity and mortality (15). 238

2. u2(t) : Post-exposure prophylaxis (PEP). The newborns receives a 239

combination of Zidovudine (AZT) + Nevirapine (NVP) and/or Lamivudine (3TC) 240

for 6–12 weeks (16). Nevirapine (NVP) prophylaxis protects infants from HIV 241

infection during breastfeeding (17). 242

Including the control measures u1 and u2 in the model 1, the following optimal 243

control model diagram is got, 244

MTCT strath2.png 245

The resulting equations from the optimal control model diagram ?? is, 246

dMN

dt
= πNA− (β0 + µM )MN ,

dMP

dt
= πPA+ β0MN + (1− u1)αdmMS − (u1αam + dM + µM )MP ,

dMS

dt
= (1− πN − πP )A+ u1αamMP − ((1− u1)αdm + µM )MS ,

dIN
dt

= (1 + (k − 1)πP )A+ u2ρIE −
(
(1− u2)β1MP

NI
+ µI

)
IN ,

dIE
dt

=
(1− u2)β1MP IN

NI
+ (1− k)πPA− (u2ρ+ (1− u2)δ + dI1 + µI)IE ,

dIP
dt

= (1− u2)δIE + (1− u1)αdiIS − (u1αai + dI2 + µI)IP ,

dIS
dt

= u1αaiIP − ((1− u1)αdi + µI)IS .

(29)

The initial conditions satisfy, 247

MN ≥ 0, MP ≥ 0, MS ≥ 0, IN ≥ 0, IE ≥ 0, IP ≥ 0, IS ≥ 0. (30)

The Lebesgue measurable control set U is defined as follows in order to investigate the 248

optimal control levels, 249

U = {(u1(t), u2(t)) : 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ t ≤ tf )}, (31)

where tf is the end time of implementing controls. The population of HIV positive 250

mothers, HIV exposed infants and HIV positive infants is minimized by finding the 251

optimal controls u∗1 and u∗2 that leads to the following objective function, 252

J(u1, u2) = min
(u1,u2)

∫ tf

0

c1MP + c2IE + c3IP +
1

2
(w1u

2
1 + w2u

2
2)dt, (32)

where c1, c2, c3, w1, and w2 are constants. Equations
1

2
w1u

2
1 and

1

2
w2u

2
2 are the costs 253

associated with the controls. The goal is to find the optimal controls u∗1 and u∗2 and 254

optimal solutions by fixing the terminal time tf that minimize the objective functional 255

such that, 256

J(u∗1, u
∗
2) = min {J(u1, u2) : u1, u2 ∈ U}. (33)
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Existence of the optimal control 257

To show the existence of optimal control, the approach by (18) is used. It is already 258

proved that the system (1) is bounded, so this result can be used to prove the existence 259

of optimal control over finite time interval as applied in (18; 19). To ensure the 260

existence of optimal control, following conditions must be checked if they are satisfied: 261

1. The set of controls and state variables be nonempty. 262

2. The control set U is convex and closed. 263

3. The right hand side of the state system is bounded by a linear function in the 264

state and control variables. 265

4. The integrand of objective functional is convex on U . 266

5. The integrand of objective functional is bounded below by 267

k2 − k1
(
|u1|2 + |u2|2

)k/2
, k1, k2 > 0 and k > 1. 268

An existence of the state system with bounded coefficients has been used to give 269

condition (i). The control set is convex and closed by definition hence (ii). The right 270

hand side of the state system satisfies (iii). The state solutions are already bounded 271

(iv). The integrand in the objective functional c1MP + c2IE + c3IP +
1

2
(w1u

2
1 + w2u

2
2) 272

is clearly convex in U . For (v), from the bounds of the control system, 273

1

2
wiu

2
i ≤

1

2
wi, ui ∈ [0, 1]. (34)

Also, considering the preceding inequality, the integrand can be written as 274

c1MP + c2IE + c3IP +
1

2
(w1u

2
1 + w2u

2
2) ≥ k1

(
|u1|2 + |u2|2

)k/2 − k2, (35)

where k1 = min(
w1

2
,
w2

2
), k2 =

w2

2
, k = 2. Therefore, there exists optimal control 275

measures u1 and u2 that minimize the objective functional J(u1, u2). 276

The Hamiltonian and optimality system 277

The Pontryagins maximum principle stated the necessary conditions which are satisfied 278

by optimal pair. Hence, by this principle, the Hamiltonian function (H) is obtained and 279

defined as, 280

H (MN , ..., IS) = c1MP + c2IE + c3IP +
1

2
(w1u

2
1 + w2u

2
2) + λ1{πNA− (β0 + µM )MN}

+ λ2{πPA+ β0MN + (1− u1)αdmMS − (u1αam + dM + µM )MP }
+ λ3{(1− πN − πP )A+ u1αamMP − ((1− u1)αdm + µM )MS}

+ λ4{(1 + (k − 1)πP )A+ u2ρIE −
(
(1− u2)β1MP

NI
+ µI

)
IN}

+ λ5{
(1− u2)β1MP IN

NI
+ (1− k)πPA− (u2ρ+ (1− u2)δ + dI1 + µI)IE}

+ λ6{(1− u2)δIE + (1− u1)αdiIS − (u1αai + dI2 + µI)IP }
+ λ7{u1αaiIP − ((1− u1)αdi + µI)IS},

(36)
where,λi, i = 1, ..., 10 are the adjoint variables corresponding to state variables 281

MN ,MP , ... and IS , respectively, and to be determined using Pontryagins maximal 282

principle for the existence of optimal pairs. 283
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Theorem 4. Let MN ,MP ,MS , IN , IE , IP and IS be optimal state solutions with 284

associated optimal control variables u1 and u2 for the optimal control model, there exist 285

co-state variables λ1, ..., λ9 that satisfy, 286

dλ1
dt

= − ∂H

∂MN
,
dλ2
dt

= − ∂H

∂MP
,
dλ3
dt

= − ∂H

∂MS
,
dλ4
dt

= − ∂H

∂IN
,

dλ5
dt

= − ∂H

∂IE
,
dλ6
dt

= − ∂H

∂IP
,
dλ7
dt

= − ∂H

∂IS

. (37)

With transversality or final time conditions, λ1(tf ) = ... = λ10(tf ) = 0, and where H 287

is Hamiltonian function given in (∗). Furthermore, the optimal controls u∗1, and u
∗
2 are, 288

u∗1 = min

{
1,max

{ (λ6 − λ7) (αaiIP + αdiIS)

w1

−λ3 (αamMP + µMMS) + (λ2 − λ3)MSαdm

w1

}
, 0

}
,

u∗2 = min

{
1,max

{λ5(ρ− δ)IE + δλ6IE − λ4

(
β1INMP

NI
+ ρIE

)
+ β1λ5INMP

NI

w2

}
, 0

}
.

(38)

Proof. Pontryagins maximum principle gives the standard form of adjoint equation with 289

transversality conditions (19). The standard results in (20) are applied to derive the 290

adjoint relations, the transversality conditions and the optimal control system. Now, 291

differentiating the Hamiltonian function with respect to state variables MN ,MP , ... and 292
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IS , respectively, the adjoint equations can be written as, 293

dλ1
dt

= − ∂H

∂MN

= λ1 (β0 + µM )− β0λ2,

dλ2
dt

= − ∂H

∂MP

= λ2 (αam + dM + µM )− λ3u1αam − c1 +
β1IN (1− u2)

NI
(λ4 − λ5),

dλ3
dt

= − ∂H

∂MS

=λ3 (1− u1) (αdm + µM )− λ2 (1− u1)αdm

dλ4
dt

= − ∂H

∂IN

=λ4µI +
β1 (λ5 − λ4)MP (u2 − 1) (NI − IN )

N2
I

,

dλ5
dt

= − ∂H

∂IE

=− c2 + λ5

(
dI1 + δ + µI −

β1INMP (u2 − 1)

N2
I

+ δ (−u2) + ρu2

)
− λ4

(
ρu2 −

β1INMP (u2 − 1)

N2
I

)
+δλ6 (u2 − 1) ,

dλ6
dt

= − ∂H

∂IP

=(λ6 − λ7)u1αai − c3 + λ6dI2 + λ6µI +
β1IN (λ4 − λ5)MP (u2 − 1)

N2
I

,

dλ7
dt

= − ∂H

∂IS

=(λ6 − λ7) (u1 − 1)αdi + λ7µI +
β1IN (λ4 − λ5)MP (u2 − 1)

N2
I

.

(39)
294

Further, the characterization of optimal controls u∗1, and u
∗
2 shows that, 295

∂H

∂u1
=
∂H

∂u2
= 0. (40)

It follows that the optimal solution subject to constraints 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1 is, 296

u∗1 = u1 =
(λ6 − λ7) (αaiIP + αdiIS)− λ3 (αamMP + µMMS) + (λ2 − λ3)MSαdm

w1
,

u∗2 = u2 =
λ5(ρ− δ)IE + δλ6IE − λ4

(
β1INMP

NI
+ ρIE

)
+ β1λ5INMP

NI

w2
.

(41)

Using the equation (40), and the lower and upper bounds of four control measures, we 297

obtained the characterization of optimal controls as follows. 298

u∗1 ∈ U =⇒ u∗1 =

{ 0, if ϕ1 < 0,

ϕ1, if 0 ≤ ϕ1 ≤ 1,

1, if ϕ1 > 1.

and u∗2 ∈ U =⇒ u∗2 =

{ 0, if ϕ2 < 0,

ϕ2, if 0 ≤ ϕ2 ≤ 1,

1, if ϕ2 > 1.
(42)
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Where, 299

ϕ1 =
(λ6 − λ7) (αaiIP + αdiIS)− λ3 (αamMP + µMMS) + (λ2 − λ3)MSαdm

w1
,

ϕ2 =
λ5(ρ− δ)IE + δλ6IE − λ4

(
β1INMP

NI
+ ρIE

)
+ β1λ5INMP

NI

w2
.

(43)

In compact form, the optimal controls can be written as, 300

u∗1 = u1 = min{1,max{ϕ1}, 0},
u∗2 = u2 = min{1,max{ϕ2}, 0}.

(44)

Optimal control algorithm 301

The Forward-Backward Sweep Method is a numerical technique often used to solve 302

optimal control problems as seen in (21), it is an indirect method in which the 303

differential equations from Pontryagin’s Maximum Principle are solved numerically. The 304

idea of the Forward-Backward Sweep Method is that the state equations are solved 305

forward in time, given an initial condition and the adjoint equations are solved 306

backward in time given the value at final time. There are inherent difficulties in solving 307

problems using indirect methods, however, the FBSM is easy to use on smaller problems 308

and provides some insight into Pontryagin’s Maximum Principle. 309
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Algorithm 2 Solving Optimal Control Problem using RK4 and Forward-Backward
Sweep

1: Initialize: Choose initial conditions for state variables x(0) and control variables
u1, u2

2: Set tolerance ϵ and iteration count k = 0
3: repeat
4: Step 1: Forward Solve State Equations using RK4
5: for t = 0 to tf with step size h do
6: Compute k1 = hf(xt, ut)
7: Compute k2 = hf(xt +

k1
2 , ut)

8: Compute k3 = hf(xt +
k2
2 , ut)

9: Compute k4 = hf(xt + k3, ut)
10: Update state: xt+h = xt +

1
6 (k1 + 2k2 + 2k3 + k4)

11: end for
12: Step 2: Backward Solve Adjoint Equations using RK4
13: for t = tf to 0 with step size −h do
14: Compute l1 = hg(λt, xt, ut)
15: Compute l2 = hg(λt − l1

2 , xt, ut)

16: Compute l3 = hg(λt − l2
2 , xt, ut)

17: Compute l4 = hg(λt − l3, xt, ut)
18: Update adjoint: λt−h = λt − 1

6 (l1 + 2l2 + 2l3 + l4)
19: end for
20: Step 3: Update Controls using Pontryagin’s Maximum Principle
21: unew1 = min(1,max(0,−λ ∂H∂u1

))

22: unew2 = min(1,max(0,−λ ∂H∂u2
))

23: Compute error: ∆u = ∥unew − u∥
24: Update controls: u = unew

25: k = k + 1
26: until ∆u < ϵ or maximum iterations reached
27: Output: Optimal state trajectory x∗(t), adjoint variables λ∗(t), and optimal controls

u∗1(t), u
∗
2(t)

Results 310

In this section, approximate solutions to the model equations 1 are computed using 311

O(h4) and O(h5) order Runge-Kutta methods which are implemented via the 312

solve ivp() function from Scipy library in Python. The initial populations are given by, 313

{MN = 100,MP =MS = IN = IE = IP = IS = 0} . (45)

The simulation are run on time interval of [0, 100] years. 314

Parameters 315

The parameter values are presented on table 2. They are arrived at from previous study 316

sources and estimation. 317
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Table 2. Parameters of the model; year−1(y−1).

Parameters Value Source Units
πP 0.00648 (22) y−1

A 10000 * y−1

πN 0.946 (23) y−1

µM 0.00355 (24) y−1

µI 0.027 (25) y−1

δ 0.35 * y−1

ρ 0.25 * y−1

dM 0.08 (26) y−1

dI1 0.0064 * y−1

dI2 0.0094 (27) y−1

β0 0.0083 * y−1

β1 0.00043 * y−1

k 0.6 (28) y−1

αdi & αdm 0.15 & 0.15 (29) & (29) y−1

αai & αam 0.42 & 0.55 * & (30) y−1

where ∗ =Assumed.

Sensitivity analysis 318

In epidemic modeling, sensitivity analysis is performed to investigate model parameters 319

with significant influence on a specific threshold and hence on the transmission and the 320

spread of the disease under study (31). The model sensitivity analysis in this study is 321

used to investigate parameter influence on the dynamics of HIV under different 322

conditions on the stability thresholds ψ = {ψ1, ψ2}. In order to eliminate the HIV, the 323

stability threshold number should be less than one, that is, ψ < 1. 324

From table 3, a positive sign on the SI indicates that an increase in the value of such 325

a parameter increases the value of ψ = {ψ1, ψ2} and hence the growth of infection. On 326

the other hand, a negative sign is indicative of a parameter that negatively affects 327

ψ = {ψ1, ψ2}. 328

Table 3. Sensitivity indices.

Parameters Sensitivity index Description

µM -0.0180409 µM ∼
1

ψ

µI -0.170508 µI ∼
1

ψ

dM -0.0662329 dM ∼
1

ψ

dI2 -0.0137669 dI2 ∼
1

ψ
αdi 0.0359026 αdi ∼ ψ

αdm -0.0492402 αdm ∼
1

ψ
αai 0.148373 αai ∼ ψ
αam 0.133514 αam ∼ ψ
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Graphs and discussions 329

In order to illustrate the feasibility of the theoretical results and the control strategies, 330

graphs emanating from the numerical simulations are given. The python library, 331

Matplotlib, is used to make the plots showing mothers and infants population dynamics 332

over time. 333

Normal dynamics 334

The system 1 is solved numerically with method described in 1 and the graphs are 335

presented as follows. 336

The graph on Fig ?? presents the trends of different maternal populations 337

concerning HIV status over time. The HIV-negative mothers exhibit a rapid increase 338

and stabilize at at 45 years, indicating effective preventive measures in reducing new 339

infections. These trends align with studies such as (28), which highlight the success of 340

prevention programs in reducing maternal HIV transmission. The HIV-suppressed 341

group (green) also rises significantly before leveling off, demonstrating the impact of 342

ART in controlling viral load among infected mothers. The HIV-positive mothers (red) 343

population grows initially but stabilizes at a lower level due to ART interventions and 344

mortality effects which emphasize the benefits of early ART in improving maternal 345

health outcomes (32). 346

mothers.png 347

Fig ?? illustrates the dynamics of different infant populations in relation to HIV 348

transmission, exposure and suppression. The HIV-negative infant population exhibits a 349

sharp increase upto the 10th year before stabilizing at equilibrium, indicating effective 350

prevention measures. The HIV-suppressed infants population follows a rapid rise and 351

levels off below the HIV-negative group, highlighting the impact of early ART initiation. 352

The HIV-positive and HIV-exposed infants populations reach a steady state, reflecting 353

the balance between new infections, treatment, and mortality. These trends align with 354

findings from studies such as (33), which demonstrated the role of maternal 355

interventions in reducing mother-to-child transmission, and (32), which emphasized 356

early ART in improving infant survival rates. 357

infants.png 358

In order to control HIV transmission to mothers and infants, various prevention 359

measures have to be undertaken. Based on model 1, we reduce the transmission rates by 360

investigating the effects of varying the following parameters, 361

1. HIV prevention among mothers, β0: HIV transmission to mothers can be 362

reduced by regular HIV testing, pre-exposure prophylaxis (PrEP) for high-risk 363

mothers, safe sex practices (Use of condoms, limit sexual partners), voluntary 364

medical male circumcision for the male spouses and ensuring safe blood 365

transfusions and medical procedures (34). After varying the parameters identified 366

above, the following results are achieved. 367

From Fig ?? and ??, the HIV transmission rate to mothers is lowered by about 368

30% =⇒ β0 = 0.00581 and 50% =⇒ β0 = 0.00415: This causes the infants 369

infected with HIV to reduce by about 9% and 17% respectively. 370

mothers posi vary.png 371

infants vary1.png 372

2. HIV prevention among infants, β1 & k: HIV prevention in infants involves 373

maternal ART, infant antiretroviral prophylaxis, safe delivery and feeding 374

practices, and early HIV testing to reduce the risk of transmission (9). After 375

varying the parameters identified above, the following results are achieved. 376
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From Fig ??, the HIV transmission rate to infants is lowered by about 377

30% =⇒ β1 = 0.000301 & k = 0.78 and 50% =⇒ β0 = 0.000215 & k = 0.9: This 378

causes the infants infected with HIV to reduce by about 22% and 39% respectively. 379

infants vary2.png 380

The results on table 4 show that reducing HIV transmission in mothers has a 381

notable impact on preventing infections in infants, but direct reductions in infant 382

transmission have an even greater effect. A 50% decrease in maternal transmission 383

(mothers) lowers infant infection rates by about 17.7%, whereas the same reduction in 384

infant transmission decreases infections by nearly 39%, highlighting the greater 385

sensitivity of infant transmission rates to direct interventions. While lowering maternal 386

transmission remains crucial, targeted infant interventions, such as prophylaxis and 387

early ART, yield significantly higher reductions in MTCT. These findings are of great 388

health significance of optimizing prevention programs (9; 33), as even modest reductions 389

in transmission rates can lead to major public health benefits, ultimately aiding in the 390

elimination of pediatric HIV. 391

Table 4. Summary table. Effects of varying transmission parameters summary(%):
MP - HIV positive mothers, IE - HIV exposed infants and IP - HIV positive infants.

Varying MP IE IP
30% decrease in HIV transmission to mothers −12.57% −8.55% −8.6%
50% decrease in HIV transmission to mothers −24.90% −17.67% −17.77%
30% decrease in HIV transmission to infants − −21.50% −21.52%
50% decrease in HIV transmission to infants − −39% −39.02%

Optimal control dynamics 392

The system 29 is solved numerically to create simulation graphs presented as follows. 393

The curve in the Fig ?? compares the population dynamics of HIV-positive mothers 394

under two scenarios: with and without interventions. Without interventions, the number 395

of HIV-positive mothers rapidly increases and stabilizes after infecting a high population. 396

However, with ART adherence and PEP in place, the population of HIV-positive 397

mothers remains significantly lower by 35.94%, demonstrating the effectiveness of these 398

controls in reducing HIV prevalence. (35) highlights the crucial role of HIV medicine in 399

minimizing maternal HIV burden and improving health outcomes. 400

mothers posi with.png 401

Fig ?? illustrates the population dynamics of HIV exposed and HIV positive infants 402

population under HIV control strategies and without the strategies. The first set of 403

graphs shows the natural progression of HIV-exposed infants population, where it later 404

stabilizes. In contrast, with interventions, a significant reduction of 60.60% in the 405

number of HIV-exposed infants is realized, indicating the effectiveness of ART 406

adherence and PEP uptake in preventing mother-to-child HIV transmission. HIV 407

positive infants population represented by the log-scale also reduces by 97.82% with 408

control strategies. The logarithmic scale is used to magnify the results since the controls 409

greatly minimize the exposed infants. This reinforces findings from (5) which show the 410

impact of ART adherence and PEP in reducing vertical transmission rates and 411

long-term HIV prevalence. 412

infants all with.png 413

Fig ?? compares the impact of ART adherence and post-exposure prophylaxis (PEP) 414

on the population of HIV-positive mothers over time. Without any control measures, 415

high population of mothers remain HIV-positive. ART adherence alone, leads to a 416

significant reduction of 85.14% in the HIV-positive mothers’ population over time. 417
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Notably, PEP doesn’t have effect in reducing the HIV positive mothers population since 418

in this model PEP is only focused on infants. This effects the critical role of ART 419

adherence in reducing maternal HIV prevalence and preventing transmission to infants 420

(7). 421

mothers comp.png 422

Fig ?? compares the distinct effect of ART adherence and post-exposure prophylaxis 423

(PEP) on the population of HIV-exposed and HIV-positive infants over time. Without 424

control measures, the populations grows substantially. ART adherence shows a 425

significant reduction in HIV exposure among infants by 65.78% and much more on HIV 426

positive infants by 91.42%. PEP also leads to a reduction, though not as substantial as 427

ART adherence with HIV exposure among infants reducing by 13.28% and HIV positive 428

infants by 39.65%. These results show that ART adherence is highly effective in 429

reducing mother-to-child HIV transmission, while PEP provides an additional layer of 430

prevention when ART adherence is incomplete. 431

infants all comp.png 432

The graph in Fig ?? compares the population of HIV-positive mothers under two 433

scenarios: without optimal control and with combined strategies of ART adherence and 434

PEP. The results indicate that without intervention, the population of HIV-positive 435

mothers grows significantly over time, stabilizing at a high steady-state . However, the 436

application of both ART adherence and PEP controls substantially reduces the number 437

of HIV-positive mothers by 66.24%, emphasizing the effectiveness of comprehensive HIV 438

management strategies. These findings align with studies highlighting the impact of 439

ART in reducing maternal HIV transmission and PEP in preventing new infections, 440

reinforcing the necessity of integrated control measures to curb HIV spread among 441

mothers (36). 442

mothers posi comb.png 443

Fig ?? illustrates the population dynamics of HIV-exposed infants and contrasts 444

without optimal control and with combined strategies of ART adherence. The results 445

reveal that in the absence of intervention, the number of HIV-exposed infants rises 446

sharply before stabilizing at the equilibrium. However, the synergy of ART adherence 447

and PEP significantly reduces the number of HIV-exposed infants by 93.28%, 448

demonstrating the effectiveness of these interventions in preventing mother-to-child 449

transmission (PMTCT). This shows that ART is critical in reducing vertical HIV 450

transmission and PEP in mitigating post-exposure risks. 451

infants exp comb.png 452

Investigating HIV-positive infants population on Fig ?? on the two scenarios: 453

without optimal control and with combined strategies of ART adherence and PEP, 454

interesting results are found. In the absence of intervention, the number of HIV-positive 455

infants grows exponentially before reaching the equilibrium, reflecting a continuous 456

transmission from mother-to-child. However, when ART adherence and PEP are 457

implemented together, the HIV-positive infant population remains near zero(reduces by 458

99.89%), highlighting the effectiveness of these strategies in eliminating vertical 459

transmission. The log scale emphasizes that, even at early stages, intervention 460

significantly curtails the exponential rise of new HIV-positive cases. These findings are 461

consistent with (37) report, which emphasize that a combination of ART adherence and 462

PEP can reduce the risk of perinatal HIV transmission to below 5%, significantly 463

improving infant health outcomes. 464

infants posi all comb.png 465

The results in Table 5 highlight the effectiveness of various optimal control strategies 466

in reducing mother-to-child transmission (MTCT) of HIV, with the combination of 467

strategies achieving the highest minimization rates of up to 99.89% in infants. ART 468

adherence alone significantly reduces transmission, particularly in mothers (88.14%), 469
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reinforcing the importance of sustained antiretroviral therapy in prevention programs. 470

The use of post-exposure prophylaxis (PEP) shows limited effectiveness when used 471

alone, suggesting that it should be complemented with other strategies for optimal 472

impact. These findings emphasize the critical need for integrated interventions, where 473

combining multiple prevention methods yields the best outcomes in reducing HIV 474

infections in infants and moving closer to the elimination of pediatric HIV. 475

Table 5. Summary table. Optimal control graphs summary(%): MP - HIV positive
mothers, IE - HIV exposed infants and IP - HIV positive infants.

Controls MP IE IP
With optimal controls 39.94% 60.60% 97.82%

ART adherence 88.14% 65.78% 91.42%
Use of PEP 0% 13.28% 39.65%

Combining strategies 66.24% 93.28% 99.89%

Conclusion 476

In this research, a mathematical model representing the dynamics of mother-to-child 477

HIV transmission and optimal control is developed. This study considered two 478

populations; mothers and infants. This study proved that the formulated model is 479

biologically and mathematically well posed on an invariant region Ω. HIV-free 480

equilibrium is shown to be locally asymptotically stable by use of Jacobi method. The 481

global stability of the HIV-free equilibrium is only guaranteed if the threshold quantity 482

ψ = {ψ1, ψ2} is less than unity. 483

The numerical results emphasize the significant impact of reducing HIV transmission 484

rates through targeted interventions, particularly in preventing mother-to-child 485

transmission (MTCT). A reduction in transmission rates to mothers and infants leads 486

to a significant decline in pediatric HIV cases, with the greatest benefits seen when 487

multiple strategies are combined. A 30% to 50% reduction in maternal HIV 488

transmission notably decreases infection rates in infants, reinforcing the necessity of 489

early intervention and maternal treatment during pregnancy and breastfeeding. These 490

findings highlight the importance of prevention programs, as even modest reductions in 491

transmission rates can result in substantial public health benefits. 492

Furthermore, the effectiveness of optimal control strategies, particularly the 493

combination of ART adherence, post-exposure prophylaxis (PEP), and other 494

interventions, demonstrates the need for integrated healthcare approaches. The 495

combination of strategies achieves the highest transmission reduction, nearing complete 496

prevention (99.89%), proving that a multi-faceted approach is essential in eliminating 497

pediatric HIV. While ART adherence alone shows a high impact, it is clear that a 498

comprehensive prevention plan yields the best results. These conclusions support the 499

need for sustained policy implementation, increased ART access, and community 500

awareness to ensure effective HIV prevention and control in maternal and child health 501

programs. 502

ART adherence is highly effective in reducing mother-to-child HIV transmission, 503

while PEP provides an additional layer of prevention when ART adherence is 504

incomplete. However, the combined strategy of ART adherence and PEP achieves the 505

most significant reduction, demonstrating the importance of integrating multiple 506

prevention approaches. These findings align with global recommendations from World 507

Health Organization (WHO). 508

Future studies could incorporate more comprehensive models that account for 509

additional factors such as socioeconomic status, adherence variability, and drug 510
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resistance in HIV prevention strategies. Empirical validation of the mathematical 511

findings using clinical and epidemiological data through fitting could improve the 512

accuracy and applicability of the study’s conclusions. Utilizing AI-driven predictive 513

models could enhance the precision of intervention strategies and optimize control 514

measures in diverse populations. Health policy makers e.g. the ministry of health 515

should strengthen ART adherence programs, expand PEP access for infants, and 516

implement integrated prevention strategies combining ART, PEP, education, and 517

regular screening. This study recommends investment in maternal and child healthcare 518

infrastructure, ensure routine monitoring and evaluation of prevention programs, and 519

promote community education on early testing and HIV prevention. 520

Abbreviations 521

The abbreviations used in the article as well as the model population classes are 522

presented below.

Table 6. Abbreviations.

Abbreviation Meaning
AIDS Acquired Immunodeficiency Syndrome
ANC Antenatal Care
ART Anti Retroviral Therapy
CLHIV Children Living with HIV
HIV Human Immunodeficiency Virus
MTCT Mother To Child Transmission
PEP Post-Exposure Prophylaxis
PMTCT Prevention of MTCT
STI Sexually Transmitted Infections
VLS Viral Load Suppression
WHO World Health Organization
MN HIV negative mothers
MP HIV positive mothers
MS Mothers with suppressed HIV viral load
IP HIV positive infants
IE HIV exposed infants
IN HIV negative infants
IS Infants with suppressed HIV viral load V L < 50c/ml
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