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ABSTRACT

Studies have been carried out on Hilbert space operators especially on
operator inequalities related to operator norms, numerical ranges and nu-
merical radii for a family of bounded linear operators acting on a Hilbert
space and other non-normal operators like normaloid operators, transa-
loid operators, self-adjoint operators and normal operators among others.
The norm and numerical radii inequalities have been established by many
mathematicians for example Dragomir, Kittaneh, Moslehian, Sevilla and
Malaga among others. Recently, results have been obtained by Dragomir
and Moslehian on norms and numerical radii for (a, B)- normal opera-
tors but not for normal transaloid operators. Therefore, in this study
we investigated properties of (a, 3)- normal transaloid operators and de-
termined their norms. The study has been guided by the fOIIOW'iIJg ob-
Jectives: To investigate (e, 3)- normal transaloid operators, to determine
norm inequalities for («, 8)- normal transaloid operators and to determine
numerical radii inequalities for (o, 8)- normal transaloid operators. The
methodology involved the use of known ine‘qualities like Cauchy-Schwarz
inequality, Triangle inequality and parallelogram law. We also used the
approach of direct sum and numerical ranges. The results obtained show
that (a, #)-normal transaloid operators satisfy linearity, continuity, posi-
tivity, boundedness, reflexivity and self-adjointedness. Norm inequalities
and numerical radii inequalities have also been obtained. These results
may be useful in applications in quantum theory, particularly in commu-

tator approximation and estimation of ground state energies.
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Chapter 1

INTRODUCTION

1.1 Mathematical background

Studies on the properties of Hilbert space operators which include spec-
trum, numerical ranges, numerical radii and norms are fundamental in
various fields of mathematics including operator theory, trigonometry,
numerical analysis, fluid dynamics among others. Operator inequalities
related to operator norms and numerical radii for a family of bounded
linear operators acting on a Hilbert space have also been studied for in-
stance; Dragomir and Moslehian [5] among others. These studies can also
be found in [1, 4, 6, 8, 12, 27, 29).

Most mathematicians and researchers have devoted themselves in various
fields of linear operator theory in Hilbert spaces, for instance, mathe-
matical inequalities and structural properties of linear operators and this
has grown over the last decade. Melbourne [31] studied numerical radii
and norm inequalities for some operators on complex Hilbert spaces. The

techniques employed by [31] in proving the result are elementary with

some special vector inequalities in inner product spaces due to Buzano,




Goldstein, Ryff and Clerk as well as some reverse Schwarz inequalitics

due to Dragomir (10, 11, 14, 15, 16].

Kittaneh [22, 23, 24, 25] did extensive work on norm inequalities and nu-
merical radius inequalities and established excellent results, for instance
new numerical radius inequalities involving products and commutators
of positive operators which are essential for diverse applications to other
classes of non-normal operators. Khalid and Hussien [26] studied general
numerical radius inequality and general norm inequality for Hilbert space
operators. Wathiq [37] recently, obtained results on generalized numerical
radius inequalities for Operator matrices. Moreover, Wathiq and Kittaneh
[38] established new norm equalities and inequalities for operator matri-
ces by comparing norms of A = [A;;] and those of Ajey 7,k =1,2..n.
Takaki and Masahiro [39] characterized log-hyponormal operators via
p—paranormality and brought out clear inclusion relations among other
classes of operators but not on transaloid operators. Carlos [2] provides
basic knowledge in understanding the properties and characterizations of
classes of operators in Hilbert spaces. However. the results obtained by
(2] are not on transaloid operators. Jiankui and Zhidong [21] studied on
bounded reflexivity of operator spaces in which the connection between
the study of complete positivity of elementary operators and reflexivity of
convex sets of operators is well defined. Similarly, Zhidong [40] established
excellent results of commutants and hyporeflexive closure of operators and
Janko [20] studied on reflexivity of commutant and local commutants of ar
algebraic operator. However, in their research work they did not study on
transalold operators. Christopher[3] and Sylvia [36] highlighted essential

properties of operators on Hilbert spaces which added some ingredients
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to our study. From the research done by several authors, it is clear that
much has been done on numerical radii and numerical ranges in Hilbert
space operators, for instance in [1, 9, 11, 19, 28, 33|, but litle has been
done on norms and numerical radii inequalities for («, 3)- normal transa-
loid operators in Hilbert spaces. Fujii and Nakamoto [17] characterized
transaloid operators in terms of spectral sets and dilations and other non-
normal operators for instance normaloid operators. Mohammed, Ali and
Issam [30] studied on numerical radius inequalities for the Cartesian de-
composition of bounded linear operators in Hilbert Spaces and obtained
results which are applicable to many classes of operator theory. Recently,
Dragomir and Moslehian [4] studied norms and numerical radii for (cv, 3)-
normal operators. Also, Senthilkumar(34] studied on p — (. 3)-normal
operators. In this study, we considered norm inequalities and numerical
radii inequalities for (a, 3)- normal transaloid operators. Subsequently,
we revievwed some basic concepts and definitions which were useful to our

work as outlined in the section below.

1.2 Basic concepts

Definition 1.1. A Field is a set K together with two binary operations

(+) and (.) for which the following conditions hold:

(i). (Closure) for all u,v € K the sum u + v and product u.v belongs

to K.

(if). (Associativity) for all u,v,w € K, (u+v) +w = u + (v+ w) and

u.(v.w) = (uwv).w.
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(iii). (Commutativity) for all u.v € K and w.v = v.u.
(iv). (Distributive Laws) for all u,v,w € K, u.(v + w) = v.v + ww.

(v). (Existence of an additive identity) For all u € K. 30 € K such

that u 4+ 0=vu and 0 + v = w.

(vi). (Existence of multiplicative identity) 31 € K with 1 # 0, u.1 = u

and l.u = u for all v € K.

(vii). (Existence of additive inverse) for all u € K, 3 v € K, u + y=20
and y+u =0

if y = —u is the additive inverse of K.

(viii). (Existence of multiplicative inverse) for all y € K with y # 0, then

u.y =1and yu =1 where u =y~

Definition 1.2. A Vector Space over the field K is a set IV on which two
operations called addition and scalar multiplication denoted by (+) and

(.) are defined and satisfy the following properties:

(i). (Closure) for all s € K and u,v € V,v + u and s.u are uniquely

defined in V.

(ii). (Associativity) for all w,u,v € V and s,y € Kiu+ (v+w) =

j (u+v) 4+ w and y(s.u) = (y.s)u.
(iii). (Commutativity of addition) for all u,v € V, u + v =v + w.

(iv). (Distributivity laws) for all Y, € Kand all u,v € V, y.(u+v)=

Yu+yvand s(u+v) = su+s.v.

(V). (Unitary law) for all u € V, lu=u.




(vi). (Existence of additive identity) for all 0 € 1 for which u + 0 = u

and O+ u=wuforallu eV

(vii). (Existence of additive inverse) let u € V 3 b € 1 such that b+u = 0

and u+ b =0, b = —u denoted by —u.

Definition 1.3. Let X be a linear space. A non-negative real valued
function [|.|| : X — R is called a norm on X if it satisfies the following

properties for all z,y € X:

(i)- [lzll > 0 and [lz]| = 0 if and only if z = 0 (positivity).
(ii). [[Az||=[Al[lz]| for all A € C (Homogeneity).

(ii1). [z +yll < llz]| + [ly|| (Triangle inequality).

The ordered pair (X, ||.||) is a normed space.

Definition 1.4. The numerical range of an operator I° € B(H) is the
subset of the complex numbers, C, defined by W(T) = {{Tz,z),z €
H, ||lz|| = 1}. The numerical radius is given by w(T') = sup{|(Tz, z)|,z €
H,||z]| = 1}.

Definition 1.5. Let B(H) be the algebra of all bounded linear operators
on H. The spectrum of T € B(H) denoted by o(T) is defined as
o(T)={Ae€C:T—\I is not invertible}. The spectral radius is given
by r(T) = sup{|A; A € o(T)}.

Definition 1.6. A Banach space is a complete normed space.

Definition 1.7. Let X be a vector space over K. A non-negative real
valued function (.,.) : X x X — K is called an inner product space if for

Z,y € X and «a € K satisfies the following properties:

b
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(1). (x.xz) >0 for all z € X and (z,z) = 0 if and only if = = 0.

(ii). (x4 y,2)=(z,2) + (y, 2).

(iii). (z,y)=(y, z) (conjugate symmetry).

The pair (X, (.,.)) is called an inner product space.
Definition 1.8. A Hilbert Space is a complete inner product space.

Definition 1.9. Let T': H — H be a linear operator. Then 7 is said to

be a normaloid operator if |T|| = w(T).

Definition 1.10. Let T : H — H be a linear operator. Then T is said

to be a spectraloid operator if w(7T') = r(T).

Definition 1.11. Let V be a normed space. A set S is said to be convex
if given any two points a,b € S in a line segment then {Aa + (1= A)b -

A € [0, 1]} is also contained in S.

Definition 1.12. The convex hull of a set S of points is defined by
ConvS = { Ei /\ipii)\i = 1, Z O}

Definition 1.13. Let B(H) be the Banach algebra of all bounded linear
operators and 7" € B(H), then T is said to be convexoid if W(T) =
Convo(T) where Convo(T) is the convex hull of the spectrum 7' in the

complex plane.

Definition 1.14. Let T : H — H be a linear operator. Then 7T is said
to be normal if TT* = T*T.

Definition 1.15. A linear operator T : H — H is called self adjoint if
g =71,
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Definition 1.16. Let T ¢ B(H.S) where H and S are Hilbert spaces,
then the linear operator 7 € B(S, H) satisfies (Tz,y) = (r. I y) for all

r € H and y e S is called the adjoint operator of T

Definition 1.17. An operator 7" is said to be bounded iffor7 - H 5 g

there exist a constant M > 0 such that. ITz|| < M|z Vo e .

Definition 1.18. Ap operator T' is said to be normaloid if 1T = w(T)

and transaloid if \ e C such that 7\ = 7 — A/,

Definition 1.19. Ap operator T" acting on a complex Hilbert space H is

called (a, 8)-normal operator (0 < a < 3) if 27T <TT < 27T

Definition 1.20. Let 7 € B(H). T is said to be a (@, B)-normal transa-

loid operator if the following conditions hold:

(i). &®T*T < 77~ <BT'T Yo<a <A.
(i) T— X V \AeKis normaloid.

Definition 1.21. et S be a subspace of B(X) and let ref(S) = {T €
B(X): Tz ¢ [Sz], z € X} where [] denotes the norm closure then
S C B(X) is said to be reflexive if ref(S)=S.

Definition 1.22. Given a matrix A = (a;;) € Mn(C), then trace tr(A) of
Ais the sum of diagonal elements that istr(A) =ay taz+...4+a,,. Trace

is a linear map such that tr(vA) = ytr(A) and tr(A+B) = tr(A)+tr(B).

Remark 1.23. The class of all (a, 3)-normal transaloid operators on

Is denoted by Nr(H).




1.3 Statement of the problem

Many researchers and mathematicians have done extensive work on var-
ious inequalities for normal operators in Hilbert spaces. Also, alot has
been done on numerical ranges, numerical radii of convexoid, normaloid.
spectraloid, and other classes of non-normal operators in operator theory.
Dragomir and Moslehian recently worked on various inequalities between
norm and numerical radius of (a,3)- normal operators. Senthilkumar
studied generalization of p-(a, 3)- normal operators but not for (o, 3)—
normal transaloid operators. Let H be a complex Hilbert space and B(H)
the algebra of all bounded linear generators H. In this study we investi-
gate the properties of (a, §)- normal transaloid operators, determine normn
inequalities for (o, 3)- normal transaloid operators. Determine numerical

radii inequalities for (, 3)- normal transaloid operators.

1.4 Objectives of the study

This study has been guided by the following objectives:

(i). To investigate the properties of (a, 3)- normal transaloid operators.

(ii). To determine norm inequalities for («, 3)- normal transaloid oper-

ators.

(iii). To determine numerical radii inequalities for (o, #)- normal transa-

loid operators.




1.5 Significance of the study

A lot has been done on numerical ranges, numerical radii inequalities
of bounded linear operators in Hilbert spaces and normal operators by
many mathematicians for example Dragomir, Kittaneh, Moslehian among
others. But the results on normal transaloid operators have not been fully
established. The results we have obtained may have great importance in
various fields such as quantum mechanics and a contribution of knowledge

- to operator theory.




Chapter 2

LITERATURE REVIEW

2.1 Introduction

In this chapter, we review related literature. We considered norm in-
equalities, numerical radii inequalities and general theory of (a, 3)-normal

operators and transaloid operators.

2.2 Norm inequalities

" Dragomir and Moslehian [4] established various inequalities between the
operator norm and numerical radius of (e, B)- normal operators in Hilbert

spaces which are significant to our work. These results are:

Theorem 2.1. [/, Theorem 2.1) Let T € B(H) be an (a, 3)- normal
operator. Then (a* + B%)||T||* < {28%w(T?) +r28% 28T - T*|12,r > 1
26°w(T?) + ||8T — T*|?,r < 1}.

Theorem 2.2. /4, Theorem 2.2) Let T € B(H) be an (a,f3)- normal
operator. Then w(T)? < L[B||T|? + w(T?)).

10
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From Theorem 2.1 and Theorem 2.2 the researchers focused on inequal-

ities involving norm and numerical radius of (a.3) - normal operators
but not for normal transaloid operators. However, Dragomir [11] further
worked out on some inequalities for normal operators in Hilbert spaces by
use of classical inequalities for vectors in inner product spaces as shown

below.

Theorem 2.3. [11, Theorem 4] Let (H;(.,.)) be a Hilbert space and T :

- H — H a normal linear operator on H then 3(||Tz||* + |(T?z,z)|) >

\Tx,z|? for anyz € H,||z|| = 1.

Theorem 2.4. /11, Theorem 10] Let T : H — H be a normal operator on
the Hilbert space if A € C, |A| # 1 then ||T—|\["*1T*|| < A 7— AT,

for any v > 0.

Theorem 2.5. [11, Theorem 13] Let T : H — H be a normal operator

on the Hilbert space (H; (.,.)) and o, B € C. Then |T||”!(|a+ 3])P + ||| —

81 < llaT +BT* ||+ |laT —BT*|I” if p € (1,2) and ||aT + 3T* ||+ |oT ~
BT = 2(lal + BT,

Theorem 2.6. [10, Theorem 14] Let T : H — H be normal operator
on the Hilbert space. If a,8 € C and 7,7 such that |T — al|| < r and
1T — BI|| <, then ||T)? + (e +18)%) < s(r?+ ) + ||aT - BT

Theorem 2.7. [5, Theorem 5] Let T : H — H be a normal opera-
tor on the Hilbert space (H,(.,.)). If X € C then ||Tz|> — |(T%z,z)| <

(IHQWHTQJ — AT*||? for any z € H, ||z|| = 1.

11




From Theorem 2.3, Theorem 2.4, Theorem 2.6 and Theorem 2.7. Dragomir
researched extensively on some inequalities for normal operators in Hilbert
spaces and numerical radius inequalitics but not for normal transaloid
operators. In this study we employed known inequalities for example,
Cauchy-Schwarz inequality in determining the norms for normal transa-
loid operators. Fujii and Nakamoto [17' explained transaloid operator in
terms of spectral sets and dilations and other non-normal operators. For

instance in characterization of normaloids they gave the following result:

Theorem 2.8. [17, Theorem 1] An operator T is normaloid +f and only
if r(T)D is a spectral set for T.

_ Theorem 2.8 justifies that T is normaloid if and only if ||7']] = w(T). On
characterization of transaloid operators the following two theorems were
glven:

Theorem 2.9. /17, Theorem 8] An operator T is transaloid if and only

of any disk containing the spectrum a(T) is a spectral set for T.

Theorem 2.10. /17, Theorem 4] An operator T is transaloid if and only

if any disk containing (T) s a spectral set for T.

Theorem 2.9 is a consequence of theorem 2.10 by the fact that a disk

contains o(7") if and only if it contains W(T). An operator T is called

numeroid if W(T') a spectral set for 7"
Theorem 2.11. [17, Theorem 5] A numeroid is transaloid.
From Theorem 2.8, Theorem 2.9, Theorem 2.10 and Theorem 2.11 Fujii

and Nakamoto [17] characterized transaloid operators in terms of spec-

tral sets, dilations and other non-normal operators but not (¢, ;3)—normal

12




transaloid operators and our study is to investigate the properties of
(e, B)- normal transaloid operators in Hilbert spaces. using other tech-
niques other than spectral sets. Takayuki Furuta [18] studied a lot on
various classes of non-normal operators on Hilbert spaces and indeed on

characterization of the normaloid operators as seen in the result below:

Theorem 2.12. [18, Theorem 2] The following assertions are mutually

equivalent:

(i). T is a normaloid operator if |T|| = r(T).
(1i). |T™]] = ||T||" for all natural numbers.

- (). | T|| = w(T).

On normal and self adjoint operators, Dragomir and Sandor [7], Sevilla
and Malaga [35] have intensively worked on various classes of Hilbert
spaces for instance on normal operators, self-adjoint operators, adjoint

operators and among others.

Proposition 2.13. /35, Proposition 2.2] Let T : Hy — H, be a bounded
- operator between two Hilbert spaces. There exist a unique operator T~ :
Hy — H, called the adjoint operator of T such that (Tz,y)Hy= (z,T*y)H,
Vz € Hy,y € Hs.

Proposition 2.14. /35, Proposition 2.4) An operator T € B(H) 1is nor-
mal if and only if |Tz||= ||T*z|| V z € H.

Theorem 2.15. [7, Theorem 1.3] A necessary and sufficient condition
for an operator T to be normal is that |\ Tz||=|T*z|| for every vector

T € H. We can observe that, if one uses Cauchy-Schwarz inequality we

13
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can have [(u,v)| < |lull|[v|| for all w,v € H. For the choices u = T,
v = Tz then one gets the following simple inequality for normal operator

T, Tz, Tz)| < ||Tz|||T*z|| |Tz||®> > |T%z. 2| V&€ H.

Proposition 2.13, proposition 2.14 and Theorem 2.15 they provides nec-
essary and sufficient conditions for normality of operators, but not for
normal transaloid operators. In our study, we are using the Cauchy-
Schwarz inequality as well as triangle inequality in estimating norms of
transaloid operators.

Khalid and Hussien [26] determined general numerical radius inequality

~for Hilbert space operators which yields well known and new numerical

radius inequalities as shown in the following basic theorem.

- Theorem 2.16. Let A;,B;,X; € B(H) (i = 1,2,....n), and let f and g

be nonnegative functions on [0,00) which are continuous and satisfy the
relation f(t)g(t) =t YVt € [0,00). Then,

W (T ATXiB) < P | S ((ArgP( XD A + (AL FIX) BN for

all r > 1.

- Jiankui and Zhidong (21] researched on bounded reflexivity of operator

spaces on finite dimensional subspaces of B(X) with separating vector

and established the following:

Corollary 2.17. /21, Corollary 3.6] If S is a finite dimensional subspace
of B(X) and S has a separating vector, then S is boundedly reflexive.
In particular, if dimS = n and every non-zero operator in S has rank

greater than or equal to n, then S is boundedly reflezive.

14




Corollary 2.18. /21, Corollary 4.8] Let S and S be subspaces of B(X)
with a separating vector space x. If dim(S|,,) is finite. then S s alge-

braically boundedly reflexive.

Jiankui and Zhidong [21] studied only on bounded reflexivity of general
operators but not for the class of («, 3)-normal transaloid operators. Also
from the research done by Khalid and Hussien [26] it was purely on de-
termination of general numerical radius inequality for Hilbert spaces but
not for (a, B)-normal transaloid operators. However, we require the ap-
plication of their results to our work on determining the norm inequalities

for the class of (a, 8)-normal transaloid operators.

2.3 Numerical radii inequalities

On some numerical radius inequalities for Hilbert space operators Mosle-
hian and Assadollah [32] established general numerical inequalities as

from the following corollaries and theorems:

Corollary 2.19. /32, Corollary 2.6] If A € B(H), then w(A) = 1(||A| +
142)12) < ||

Corollary 2.20. /52, Corollary 2.7] If A € B(H), then ||A + A <
1A+ 11471 < 21 4.

Theorem 2.21. /92, Theorem 2.9] Suppose that A € B(H) 1s positive.
Then w(AX — X A) < L) AJ|()| X]| + 1) %).

Fuad Kittaneh [24] also worked out on numerical radius inequality by use

15
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of mixed Schwarz inequality and arithmetic-geometric mean inequality as

indicated by the following Lemmas and theorems:

Lemma 2.22. [24, Lemma 1] If A € B(H), then ||(Az.y)| < (|Alz. 2)2(|A"|y. y)*
oz, y € H .

= - reen el bl e

Lemma 2.23. [24, Lemma 2] If A,B € B(H) are positive operators,
then ||A2 B2|| < ||AB||z.

Theorem 2.24. [24, Theorem 1] If A € B(H), then w(A) = s(1A] +
142)12).

~ From the above Corollary 2.19 and Corollary 2.20, Lemma 2.22, Lemma
2.23, Theorem 2.24 and Theorem 2.21, Moslehian and Assadollah [32] and
Fuad Kittaneh [24] used the mixed Schwarz inequality and arithmetic-
geometrical mean inequality to obtain numerical radius inequalities for
the normal operators but not on normal transaloid operators, similarly,
we require the Cauchy-Schwarz inequality and other inequalities like par-
allelogram law and triangle inequality to determine numerical radii in-
equalities for (a, 8)- normal transaloid operators. Actually, the study of
/ the numerical radii inequalities has been of great interest to mathemati-
cians in recent times. Bonyo, Adicka and Agure [1] also contributed on

- generalization of numerical radius inequalities as shown in the theorems

below;

Theorem 2.25. [1, Theorem 2.5] Let A and B be self-adjoint operators
m B(H) andr > 1. Then w"(A+ B) < 2 HIIA] + |BI]l.

Theorem 2.26. [1, Theorem 2.10] Let A and B be self-adjoint operators
n B(H) and r > 2. Then w'(A+ B) <27?|||A+ B|" + |A - B

16




Also Omid, Alireza and Mohsen [33] obtained results on numerical radius
inequalities for finite sums of operators and determined an upper bound
for numerical radius by means of the cartesian decomposition of operators

as shown from the following theorems:

Theorem 2.27. [35, Theorem 2.5] Let X.Y € B(H) andr > 1, 1 > 1
and 0 < a < 1. Then for each unit vector v € H, ( Xz, z)|"|(Yx,2)" <

Ll X P + (1= @) X[ + alY | + (1= a)[Y* [ |)).

Theorem 2.28. /353, Theorem 3.1] Let A; € B(H) have the cartesian

decomposition A; = B; + C; forall j =1,..,n andr > 1. Then

W (S0 A) < (VE)y TR 1B+ IGP1E

From the above literature review, it is evident that a lot has been done
on normal, self adjoint and («, 3)- normal operators but not on the class
of (o, 8)- normal transaloid operators. Therefore, we have investigated
properties of (a,3)- normal transaloid operators, determined the norm
inequalities for (o, 3)- normal transaloid operators and determined nu-

merical radii inequalities for («, 3)- normal transaloid operators.
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Chapter 3

RESEARCH
METHODOLOGY

73.1 Introduction

For a successful completion of this research, background knowledge on nu-
merical range, numerical radius of all bounded linear operators in Hilbert
spaces, inequalities for normal operators in Hilbert spaces (especially clas-

sical inequalities, operator theory, non-normal operators and functional

analysis) is very crucial. We also stated some known inequalities and fun-

damental results but omitted the proofs shown in the sections hereafter.

’3.2 Fundamental results and theorems

We have stated some known results which are fundamental to our work

but we omit the proofs.

18
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Theorem 3.1. [11, Theorem 13] Let T : H — H be a normal operator
on the Hilbert space (H; (.,.)) and o, 3 € C. Then |[TI|" (Jo+ 3])? + ||| -
1BIIP] < |oT+BT*||+||aT = 3T||P if p € (1,2) and || aT + BT*||P + ||oT —
BT*|P = 2(lof” + BT P if p > 2.

Proof. See [11, Theorem 13]. 0]

Theorem 3.2. [4, Theorem 3.1] Let T € B(H) be an (a, 8)-normal
P).

operator.If p > 2, then (1 + a?)|IT|P < 2(||IT + T*

P T =T

Proof. See [4, Theorem 3.1]. O

Theorem 3.3. [22, Theorem 1] If A€ B(H), then

(1A A + AAT|| S w((A))? < 3|A*A + A4

Proof. See [22, Theorem 1]. O

Theorem 3.4. [13, Theorem 3.4] If Ay, ..., A, € B(H), then

5% All? < 4w (P, Ax) 20— w(A;). Moreover. if 37| Ay com-
mutes with each A for j € {1,..,n}, then || S} | Axl]* <

2w}y, Ax) Z;L=1 w(4;).

Proof. See [13, Theorem 3.4]. U

Theorem 3.5. [6, Theorem 4.3] Let A,B: H — H be two bounded linear

operators on the Hilbert space H. Then ||[458|? < 1||A-AEE8 44y (B* A).

Proof. See [6, Theorem 4.3]. .
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3.3 Known inequalities

The methodology involves the use of Cauchy-Schwarz inequality, Paral-
lelogram law, and Triangle inequality. We also used the approach of polar

decomposition and direct sum.

Definition 3.6. Let V be an inner pr()dllct space. Then for all z,y € V

we have {z,y)| < llz||lyl|. This is called Cauchy-Schwarz Inequality.

Definition 3.7. Let z,y € V, where V is a normed space. Then ||z+y]|| <

llz|l + |ly|| is called Triangle inequality.

Definition 3.8. Let z,y € V, where V is an inner product space. The

parallelogram law states that ||z + y||* + ||z — y||> = 2||z|? + 2|ly||.

Definition 3.9. Let T be an operator on a Hilbert space H. When
I' = U|T| with N(U) = N(|T|), T = U|T| is said to be the polar
decomposition of T, and if the kernel condition N(U) = N(|T|) is not

necessarily satisfied, ' = U|T| is said to be a decomposition of T

Definition 3.10. Let V be vector space and U, W be subspaces of
V. Then V is said to be direct sum decomposition of subspaces
of Uy, ..., Uy, if it can be expressed as V = U, & ... @ U, forall v e V.

Moreover, there exist unique vectors u; € U; for all 1 < i < k such

that v =y +uy + ... + .

20
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Chapter 4

INEQUALITIES FOR («, f)-
NORMAL TRANSALOID
OPERATORS

4.1 Introduction

In this chapter, we investigated properties of (e, B)-normal transaloid op-

erators. We considered the properties of this class of operators and give

results on their characteristics. The properties which have been consid-

ered include: self-adjointedness, linearity, continuity, boundedness, reflex-

lvity and positivity. We have determined the numerical radii inequalities

‘and norm inequalities for (a, B)-normal transaloid operators. Throughout

this chapter we denote the class of (a, B)-normal transaloid operators by

Nr(H).

Lemma 4.1. Let A € Nr(H) then A is self adjoint.

Proof. We need to show that A = A*. Indeed for any z € H, we can have

21
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(Az,2) = (2. Az) = (A*2,2) = (Az,2)

Therefore, (Az, z) is real. Also assume that 4z, z) is real for all z. Then
choose any 2,9 € H. We can have (A(z+g).z + g) = (Az,2) + (Az, ¢) ~
(Ag,2) + (Ag.g). It implies that (A(z + g).2 + g).(Az, 2z), (Aqg.g) are
real, We can conclude that (Az, g) + (Ag. z) is real and it equals its own

complex conjugate, for instance

(Az,9) +(Ag,z) = (Az,9) +(Ag.2) = (9, Az) + (z. Ag) (4.1.1)

We can see that

1{Az,g) +i(Ag,z) = i(Az,g) + i(Ag, z) = i{g, Az) —i(z, Ag)

by multiplying ¢ throughout, we have

i(i(g, Az) —i(z,Ag)) = —(g.Az) + (z, Ag). (4.1.2)

By adding 4.1.1 and 4.1.2 we obtain 2(Az,g) = 2(z, Ag) = 2(A*z,g).

Therefore, this is true for z and g, we can conclude that A = A*. Hence

A is self adjoint. O
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Theorem 4.2. Let A € Np(H) then A s lincar, bounded, continuous

and reflexive.

Proof. For the linearity;

Let A EANT(H)‘ Let y1,y2 € H and «, 3 € C, then for v € H we have

(x, A"(ay; + Bys)) = (Az, ay, + 3yq)

= @(Az,y1) + (A, yp)

= (z, Ay, + 3A y,).

It follows that A*(ay; + Byz) = aA*y; + BA*y,. i.e A is linear.
Also A is bounded. Put z = A*y. Then

1AY[> = (A7y, A"y)

= (AA%y,y)
< [[AAYlllyll
< [ANIA Iyl

So that [|[A*y|| < ||A|||ly|| for any y € H, ie A € Ny (H) is bounded.

Similarly, A € Ny(H) with a linear operator A : H, — H, is continuous

if z, and z are sequences from H, such that T, — x, then we have

Az, — Az|| = [|A(zn — 2]

IN

[Alllzn — 2|l = 0

l.e Az, — Az, which proves the continuity of A € Nr(H).
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For the proof of reflexivity of an operator we need to consider V and V
to be finite dimensional subspaces of Ny(H), then V' din( \;'fR) is finite.
By [21. Corollary 4.8] it is sufficient enough to show that (V|g) is alge-
braically bounded and reflexive since algebraic bounded reflexivity im-
plies bounded reflexivity, hence (V|z) is bounded reflexive. To see this,
let W € refb(VIR). Let W be the extension of W to (R, where [R] is
the norm closure of R. By W € refy(V|g), 3 Ry such that ¥ a € R.
W, € [Vawal]. Then dim(V|R) is finite. Since R contains separating vec-

tor of V, if V is a finite dimensional subspace of B(H) with a separating

vector then V' is boundedly reflexive. Moreover, we can have W € V|[H].

Hence W € f/lR. and V|R is bounded reflexive. O

Lemma 4.3. Let A € Np(H) then A is positive.

Proof. Let A € Nr(H). By definition A is said to be positive if (Az, z) >0
for any r € H. Similarly, every positive operator on a complex Hilbert
space is self adjoint as seen from Lemma 4.1 that is A = A*and A—A* > 0
and (Az,z) < (A*z,z) for z is positive. If A4 is positive then (Az, z) is
real. Indeed for 2,y € H then we can have (A(z,y), z + y) < [(Az,z)7 +
(Ay,y)2)? such that (A(z,y),z + y) = (Az,z) + 2Re(Ax,y) + (Ay,y)
and by the CBS inequality 2Re(Az,y) < [(Az,z)(Ay, y)]2. Therefore,
(y, Az) = (A*y,z) such that AA* > 0, then (z,Ay) = (Az, Az) =

|Az]| > 0. Hence 4 Nr(H) is a positive operator.




Theorem 4.4. Let A,B € Np(H) andn € C then nA, A+ B and A— B

are in Np(H).

Proof. Let nA € Np(H) and o?A*A < AA* < 2A*A, we have
a?((nA)'nA) < (nA(nA)") < B2((nA)nA)

o?(n'n(A*A)) < (m*(AA*)) < Bin*n(A*A)). Hence a?A*A < AA* <
B2A*A.

Also nA — A € Np(H), for if we consider a unilateral shift " € N(H)
then A = U*—2 but 2 is not in o(U*) as in [34, Theorem 2.2]. Therefore,
1A € Nr(H).

Let A+ B € Nr(H) then we have o*((A+ B)*(A+ B)) < (A + B)(A +
B)* < B*((A+ B)*(A+ B))

az[AA*+2A*B*~+-B*Bj < AA"+2A*B*+B*B < [KQ[AA*—}-ZA*B‘#B*B],
By distributing o and 32 to each summand we have a?AA* + 2a2A* B* +
o’B*B] < AA* + 2A*B* + B*B < B2AA* + 282A*B* + 52B B. If we
take B* = S, then AS is unitary. Then the proof of 245 follows from the
prove of part (1) and [34, Theorem 2.10.] Hence A + B € Ny (H).

Let A — B € Nr(H), then we have

0*((A— B)"(A~ B)) < (A— B)(A— B)* < *((A~ B)*(A - B))
QQ{AA*—QA*B*+B*B] < AA*-2A*B*+B*B < *|AA*—2A"B* + B*B).
By distributing a? and 3?2 to each summand we have o AA* — 202 A* B* +
o’B*B < AA* — 2A*B* + B*B < f?AA* — 28°A*B* + 3°B*B. Letting
B* =S and AS to be unitary, vthen the proof follows immediately from

part (1) and [34, Theorem 2.10.] Hence A — B € Np(H). O
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Theorem 4.5. Let A € Np(H) then A s contractive if it is the identity.

Proof. Recall that a bounded linear operator A € Ny(H) is contraction if
|Az|| < 1. Let A € Np(H) and I to be identity operator and A* € Ny(H)
be the adjoint of A € N(H). Also ||Az|]* = (Az, Az) = (A*Az, ) and
“37”2 = (z,r). Then ||Az|| < |z|| if and only if (A*Az,z) < {(r, 1) is

similarly to [[Az|| < ||7]|. Hence A is contractive if it is the identity. [

4.2 Numerical radii inequalities

Under this section we determine numerical radii inequalities for operators

in Np(H). We start by the following auxiliary results.

Lemma 4.6. Let A € Np(H). If A is self adjoint then

(A2 3
w(A*) = MM = ||A]l.
A0
Proof. Let @) = . Then
0 0

wA) < SRl + Q)
= SOATT+ Ay

= [lA"]}

But A = A* that is A is self-adjoint. Therefore, we obtain
w(A*) = IIA*HHIQ(A*)QH? = ||All O
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Lemma 4.7. Let A € Np(H) be positive then w(A) < 3(||A] + 1A42)2).

Proof. By use of Cauchy-Schwarz inequality for every x € H we obtain

(Az, z)|

A
e
8
B

N=
=
=
et

IN

(4] + 147

), ).

But since A is a positive operator in Np(H), we have

w(d) = {14l + |4°])z, )
< émax{uHAln,iuA* + I14I7]14%|2])}
1 211
= S0l + 14%19).
Thus w(A) < L(||A]| + [|42||?). O

Lemma 4.8. Let A, B € Nr(H), then w(AB) < 2w(A)w(B). If AB =
BA. ‘

Proof. Let A, B € Np(H) and let r € N. Then,

sw(diag(37_| A, .., i A)(diag(3l_ Bi ... > By))) < w(AB).
Then by definition of r-pinching operators see [32] and

wA; & ... @ A )w(B @ ... ® B;) = max{w(A;)w(B;) :i = 1,2}, we have
w(diag(Z:;:1 Ags s Yo A))w(diag(3"l_, Bi,....y i) By))
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= U)(Z_:Z‘:l )w Zz 1B < Zl 1 “)( A, )“"(Bz)
< rmax {w(A), w(B;): i =12} = rw(A)w(B).
Hence, taking r = 2, we obtain w(AB) < 2w(A)w(B). O

Ay A
Theorem 4.9. Let A}, A, A3, A, € Np(H) and B = [ b J . Then
Az Ay

max(w(Ar), w(Ay)) < 3(||B|| + ||B2||2) and
max(w (AzAs)%,w(AgAn ) < LUIBJ| + |1B2)%).

Proof. First we consider r—pinching in 132], and Consider [A;}] wﬁere

Aij € Nr(H) and 4,7 = 1,2, 3,4. We define ClA)=A19A, 0 A8 Ay to

be the 4-pinching of A. Let (A1DA A2 A, = max(w(A;) :1=1,2,3,4),

for all operators A;, A,, A;, Ay € Nr(H) we have, max(w(A;), w(A,)) =
A 0

w . Since A, is arbitrary,
0 Ay

A0 [0
max(w(A;), w(A4y)) = w < ) Let U =w ( )
0 —A, 0 —1

be a unitary operator on H ¢ H. Then,

max A0 = TU + UT. Therefore, by [32, Equation (1-8)] we
0 —A,

have WA £ U A) < J1A]+ |A*] + U*(|1A] + |4 )UI| < [lA] + [142)4,

we obtain max(w(A,), w(Ay)) < _J_“B”WLQ’BZH% .

To prove the inequality, max(w(AzAg)%, (u.x(‘43A4)%)) < %(”B” + ||BQ||%),

Let (4, @ 4, @ A3 @ Ay) = max(w(A;) i =1,2, 3,4) for all bounded
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operators Ay, Az, A3, Ay € Nr(H), then

AQ A;g 0
max(w(AzAs), w(AsAy)) = w

0 AzA,
2
0 A,
As 0
0 4, |
< 2w
A 0

Taking A; = A;A;, then w(AyA;) < 2w(As)(Asy), but since Ay is arbitrary

we have

2
0 —A
max(w(AzAs3), w(A3zA,)) < 2w
Ay 0
0 -4,
We observe that 2 =TU - UT.
As 0 J

So by the following inequality
WA EUA) < Z1A] + |47 + U(14) + 14D < 4] + 1423, we
obtain max(w(A2A3)%,w(A3A4)%)) < z(IB] + HBQH%)'_ O

Theorem 4.10. Let 4 ¢ Nr(H), then w(A)? < slallAll? + w(42)].

Proof. First we consider Buzano inequality

{a, c)(c, d)| < s(llallfld| + [{(a,d)|) for any a,c,d € H with Il = 1. Also

from Lemma 4.6 apq Lemma 4.7 it implies that for + € with [|z|| = 1,
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and =, a= _/4.’1:7 d = A*I we h'd\'(".

. 1 .
(A2, 3)(x, A2 < Sl A7) + |(Az, A"2)))

SallArl? + (A%, 2)))

IN

Taking the maximum over z € H with ||x]| = 1, we obtain

w(A)? < jlol|AlP? + w(A?)]. O

Theorem 4.11. Let A and B be self-adjont operators in Ny(H). and
g > 2. Then wi(A+ B) < 297Y||A]9 + | BJY|.

Proof. From Jessen’s inequality [1, Lemma 2.4] (a + b)? < 297} (a9 + b9)

for ¢ > 2, z € H we have

[{(A+ B)z,z)|? = |(Az, z) + (Bz, z)|?

IN

({Az, 2)| + [(Bz, z)|)*

IN

(lAlz,z) + (| Blz, z))*

IN

27 ((|Alz, 2)? + (|Blz, z)°)

IN

27 ({|Al*z, ) + (|B|"z, z))

Il

27N((|A]7 + | Bloz, 7)),

Taking the maximum over z € H, we obtain w?(A + B) < 2971|||A]7 +
|B7||. O

Corollary 4.12. Letting ¢ = 1 in Theorem 4.11, we have
w(A + B) < |||4] +|B]|.

Proof. 1t is clear from Theorem 4.11 that if q = 1 we obtain |((A +
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B)z,z)| = ({(|Al + |Blz, z)). Therefore, taking the maximum over v € H
we have w(A + B) < [|[A] + |B]||- 0
Theorem 4.13. Let B € Np(H), then o BI|> < w(B?) + 2,3 |B||2.
Proof. Without loss of generality, it is clear that an operator B is («, 3)-
normal if a’B*B < BB* < B2B*B. Therefore, from Theorem 4.10 and
use of this reverse Cauchy-Schwarz inequality (0 <)||all|[b]| — |(a.b)] <
llallllbll = Re(a,b) < 2 3||all]|b]], for all a,b € C\{0} and = > 0. By letting
Bz = a, B’z = b we have ||Bz||||B*z|| — |(Bz, B*z)| < i}ﬂszHHB*IH
and this implies that o||Bz||? < |(Bz, B*z) + 5;#3’||B$H2.

Taking the maximum over z € H, ||z| = 1, we get o||B||* < w(B?) +

618> -

4.3 Norm inequalities

In this section we determined the norm inequalities for operators in Ny (H).

Proposition 4.14. Let A € Np(H), and A + A* be self adjoint then
A+ A% < [14]| + 14?2 < 2)j4].

Proof. Since A + A* is self adjoint, we have

;M+Aw::%mm+Awem+Aw
< wAg A
< swllAe A + (Aa (47)})
1 1
= Al + 42
< |4l
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Hence, [|A4 + A°|| < Al + [142]|2 < 2[| 4]l » O

Theorem 4.15. Let A € Np(H). If A has cartesian decomposition
A = A, + 1Ay such that A, is positive and Ay = A} then
A*A — AA|| < [|AL]1% + 14202

Proof. By [32, Corollary 2.10] we have ||A*A — AA4”|

< AP + |4l

and using the Cauchy-Schwarz inequality, we have

(Az,z)|> = (Az,2)*+ (Ayr.2)?
= [Awz|® + || Apzf?
= (Alz, )+ (Az, x)

= ((A2+ AD)z, 1),

By analogous computation from [22, Theorem 1] we have

(w(A))* = sup{|[(Az,0)]*: z € H, |lz|| = 1}
< sup{[{(Al+ A})z,2) 1z € H, ||z|| = 1}
= [147 + A3
= S+ A,

Hence, |A°4 — 44|| < [ALP + [ A = 2| A1 Ay — Apdy|| < AL +
||A2”2 O

. | Theorem 4.16. Let 4 € Nr(H). Then o + B*||A||? < 2B7w(A?) +
TEBTRBA - A2 ifr > 1.
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Proof. Using the Goldstein, Ryff and Clarkes [4, Theorem 2.1 inequality

for vectors in inner produyct spaces. |lal|?" + 612" — 2|l 71167 Re(ab)

[ Talilol =

Pllall e =blI*if r > 1 for all r € Rand a,b € H with [la]| > ] Sup-
pose that 7 > 1, let z € H with llzll = 1. Take a = BAr. b= A*r we get
IBATIT + A2l = 2034zl A2~ Re (342, A*2)< 2|3 Ac|r2)
FAu = Azl and o + BUA < oAl A2l (A%, )

232 BIIAIPT? B A — A'z|], for all z € H with |[z]| = 1 and r > 1.

Taking the maximum over z € H with lz|| = 1, we obtain a” + 32A|? <

20"w(A?) + 287 BA — A2 ity > 1. O

Theorem 4.17. Let A ¢ Nr(H). If g > 2 then

1+ a4l < %M+AWHMA—W

).

Proof. We use the following inequality obtained by Dragomir and Sandor

4, Equation 3.3] [jc + d||? + ||c — dll? > 2(|[c]|? + [|d]|9) for all ¢,d € H and

- 4 2 2, taking ¢ = Az and d = A*z then Az + A*z||7 + || Az — A*z||¢ >

2(||Az||? + lA*z||7) and

HHAqu+!WVrH%M+HAan—]pvxuq > 2(]|Az||? + || Az|)7)

for allz e H, lz]| = 1.

Therefore, taking the maximum over z € H, ||z|| = 1 we obtain

U+MMMPS%M+A*HWA—AWW =

Corollary 4.18. ¢ 4 € Nr(H). If ¢ > 2 and o = 0, then AT <
a4+ Ao 14 - geoy

Proof. We give anal

080Us prove of Theorem 4.17, using the following in-
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equality in [10, Equation 3.15] i.e fla + ]| + |la — bl|7 > 2(Jjal ¥ - |ib]|7).
For all a,b € H and q > 2, taking a = Az and b = A*z then
[[Az + A*z||? + Az — A*z||? > 2(]|Ax]|? + ||A*z]|9) and
AN + [l A2 ()] + | Az]]” = |A*2]|* > 2(||Az]|? + |472]j7)
for all x € H,||z| = 1.
Therefore, taking the maximum over z € H, |z]| = 1 we obtain
=3

Al17 < (14 + A%]|2 + |4 — A*}9). O

Theorem 4.19. Let A € Nr(H) and o, 8 € C. Then if ¢ > 2 we have
oA + BA||? + [lad — BA||2 > 2(a| + |B]9) || Aljo.

Proof. By use of parallelogram identity and the known [4, Equation 3.3
inequality, [la + b]|7 + [la — b]j¢ > 2(llall* + 116[19). Let a,b be arbitrary
vectors in the vector space, such that a — aAz, b = SA*r we obtain
(@A +BATY@) + [[(ad - 84 ) () = 2(ladfs + |54 Acl.
Taking the maximum over z = #, izl = 1 we obtain |jad ~ 34*||7 +

llocA = BA|[ > 2(|afs + |82 4], -

Remark 4.20. For the parallelogram identity, if ¢ = 2 we obtain, oA +
BANE + llad - BA*|12 > 2(jaf2 + B2 Al

Theorem 4.21. [t 4 ¢ Nr(H). If ¢ > 1 and |a| > 1 then
(1 =1al)?||A)? < ¢2|j4 — aA*||2.

Proof. Consider [10, Equation 3.8] and llall?+|16]1%9—2]lal(s 1 ||b]|* ! |(a, b)| <
2 : .
“llall**=2lla — b2 i g2 lforallgeR, a,be H with ||a]| > [1b]]. Choose

@= Az, b=aA*z and since |Az|| = ||A*z|| we have
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24| Azx||?? < 2||Az||?97 2|7 (A%, o) +¢?| Ax||?9 2| Az —a A of?

| Az||*+|a
and this implies that (1+]a|?)||Az[* < 2|al'[(A%z, 1)|+¢* | Az —aA" |,
Taking the maximum over z € H, ||z| = 1, we obtain (1 — |a!?)*[4]|* <

q2||.4 ’_Q'A* ‘2. 0
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Chapter 5

CONCLUSIONS AND
RECOMMENDATIONS

5.1 Introduction

In this chapter, we draw conclusions and make recommendations based

on our objectives of the study and the results obtained.

9.2 Conclusions

We summarize our work by highlighting the results we have obtained
In our study in respect to the problem stated in Section 1.3. Chapter
One contains the introduction of the study in which good background
of the study has been discussed in details and also contains basic con-
Cepts with preliminary results which form a prerequisite to the main
work in this thesis. In the first objective we have investigated the prop-

erties of (a, 8)- normal transaloid operators and established the follow-
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ing properties for the class of Np(H): Linearity, Continuity, Positivity,
boundedness, Reflexivity and Self-adjointedness. These properties have
been discussed in Chapter Four where results on («.,3)- normal transa-
loid operators are given in details. Also, in Chapter Four we have ob-
tained the results on numerical radii inequalities and norm inequalities
for (o, B)- normal transaloid operators. On numerical radii inequalities,

the following results have been obtained. Let A € Ny (H). If A is self-

adjoint then w(A*) = ”ALH!ZEA‘EE = ||A|l, also if 4 € Np(H) then
w(A) = 3(IAll + [I(A)*[12). Let A, B € Np(H) then w(AB) < 2w(A)(B)
Al Ay
if AB = BA, Let A, Ay, A3, Ay € Ny(H) and B = then
Aii A4
1 ol
max(w(A), w(4)) < 5 (1Bl + 15%]1%)

also

max(w(AzA3)2, w(AsAs)?) < (1B + |[B2]1).

[NSRI=

If B€ Nr(H), then

a||BlI> < w(B?) + %BHBHQ. Let A and B be self-adjoint operators in
Nz(H), and q > 2. Then w?(A + B) < 29-1|| A9 + |B|Y||. If A € Nr(H),
then w(4)? < [l Al + w(A?)]. Similarly, we have determined the re-
sults for the norm inequalities for this class of Nr(H). If A € Np(H), then
A+ A% < Al + |A%]|2 < 2)|Al. Also if A € Nr(H) and A has carte-
sian decomposition A = A; + iA, such that Ay is positive and Ay = A}
then |A*A — AA°|| < [|4y|2 + | A% I A € Np(H). then o + B2 Al* <
2BTW(A%)+ 1282 2| BA—A*|% ifr > 1. Let A € Np(H) and a, § € C then
g > 2 we have [laA+BA" [0+ [|ad— BA* |1 > 2(jal7+|B|9)|| Al . Let A €
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“H), if g > 1and |a] > 1 then (1 —[o]7)2]|A]]2 < 4?4 —aA"||% Lastly,
LA € Np(H), if g > 2 then (1+ af)|AI7 < 1(IA4 + A*[7 + A A-[o).
“inally, the results we have obtained may be applicable in quantum the-
.v particularly in commutator approximation and estimation of ground

tate energies.

5.3 Recommendations
t- ms and numerical radii inequalities for (a, 3)-normal transaloid op-
’ ors is an area with interesting results. Absolutely, the properties
the inequalities we have established in Chapter Four provides a plat-
-:?_, and an avenue for all the researchers to further their research on
her classes of operator theory. We recommend that further investiga-
should be done to establish whether the results so far obtained in this
- for (@, 8)-normal transaloid operators can be applied to generalized
-adjoint property for (a, B)-normal transaloid operators.

loreover, further research can be directed on investigating the structural
roperties of the algebra of all (o, B)-normal

transaloid operators as this

1l be useful in determining norms of these operators.
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